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Uniform ball property and existence of optimal shapes for a 
wide class of geometric functionals 

Jeremy Dalphin* 


Abstract 

In this paper, we are interested in shape optimization problems involving the geometry 
(normal, curvatures) of the surfaces. We consider a class of hypersurfaces in R" satisfying a 
uniform ball condition and we prove the existence of a C^’^-regular minimizer for general geo¬ 
metric functionals and constraints involving the first- and second-order properties of surfaces, 
such as in R® problems of the form: 

inf f jo [x, n (x)] dA (x) -|- f ji [x, n (x), R (x)] dA (x) -|- f j 2 [x, n (x), A (x)] dA (x), 

Jan Jan Jan 

where n, H, and K respectively denotes the normal, the scalar mean curvature and the 
Gaussian curvature. We gives some various applications in the modelling of red blood cells 
such as the Canham-Helfrich energy and the Willmore functional. 

Keywords : shape optimization, uniform ball condition, Helfrich, Willmore, curvature de¬ 
pending energies, geometric functionals. 

AMS classification : primary 49Q10, secondary 53A05, 49J45 


1 Introduction 

In the universe, many physical phenomena are governed by the geometry of their environment. 
The governing principle is usually modelled by some kind of energy minimization. Some problems 
such as soap films involve the first-order properties of surfaces (the area, the normal, the first 
fundamental form), while others such as the equilibrium shapes of red blood cells also concern the 
second-order ones (the principal curvatures, the second fundamental form). 

In this article, we are interested in the existence of solutions to such shape optimization problems 
and in the determination of an accurate class of admissible shapes. Indeed, although geometric 
measure theory |38j often provides a general framework for understanding these questions precisely, 
the minimizer usually comes with a poorer regularity than the one expected, and it is very difficult 
to understand (and to prove) in which sense it is, since singularities can sometimes occur. 

Using the shape optimization point of view, the aim of this paper is to introduce a more 
reasonable class of surfaces, in which the existence of an enough regular minimizer is ensured for 
general functionals and constraints involving the first- and second-order geometric properties of 
surfaces. Inspired by what Chenais did in when she considered the uniform cone property, we 
consider the (hyper-)surfaces that satisfy a uniform ball condition in the following sense. 

Definition 1.1. Let e > 0 and B C M" he open, n ^ 2. We say that an open set LI Q B satisfies 
the e-ball condition and we write Ll £ Oe{B) if for any x £ dLl, there exits a unit vector dx o/M" 
such that: 

( Be(x-edx)CU 

\ Be(x-l-edx) C B\Ll, 

where Br{z) = {y £ R", ||y — z|| < r} denotes the open ball o/R.” centred at z and of radius r, 
where U is the closure of LI, and where dLl = Ll\Ll refers to its boundary. 

*Institut Elie Cartan de Lorraine UMR CNRS 7502, Universite de Lorraine, BP 70239 54506 Vandceuvre-les- 
Nancy Cedex, France. E-mail: jeremy.dalphiii@mines-nancy.org 


1 



The uniform (exterior/interior) ball condition was already considered by Poincare in 1890 [33]. 
It avoids the formation of singularities such as corners, cuts, or self-iirtersections. In fact, it has 
been known to characterize the C^’^-regularity of hypersurfaces for a long time by oral tradition, 
and also the positiveness of their reach, a notion introduced by Federer in m- We did not find 
any reference where these two characterizations were gathered. Hence, for completeness, they are 
established in Section]^ and we refer to Theorems 12.51 and 12.61 for precise statements. 

Equipped with this class of admissible shapes, we can now state our main general existence 
result in the three-dimensional Euclidean space . We refer to Section 14.51 for its most general 
form in R”, but the following one is enough for the three physical applications we are presenting 
hereafter (further examples are also detailed in Section H3]) . 

Theorem 1.2. Lete > 0 and B an open ball of radius large enough. Consider (C, C) € RxR, 

five continuous maps jo, /o, go; 3i; 32 : x K; and four maps ji, j 2 , fi, /2 : x x R —> R 

which are continuous and convex in the last variable. Then, the following problem has at least one 
solution (see Notation 

inf f jo [x, n (x)] dA (x) -k f ji [x, n (x), i? (x)] dA (x) -k [ j 2 [x, n (x), isT (x)] dA (x), 

J d€i J on J on 

where the infimum is taken among any H G Os{B) satisfying a finite number of constraints of the 
following form: 

[ fo [x, n (x)] dA (x) + f fi [x, n (x), (x)] dA (x) + [ f 2 [x, n (x), iF (x)] dA (x) ^ C 

J on J on J on 

f go [x, n (x)] dA (x.)+ f H (x) gi [x, n (x)] dA (x) -k / K (x) 32 [x, n (x)] dA (x) = C. 

J on J on J on 

The proof of Theorem 11.21 only relies on basic tools of analysis and does not use the ones of 
geometric measure theory. We also mention that the particular case jo ^ 0 and ji = J 2 =0 without 
constraints was obtained in parallel to our work in | 2 ()| . 

Notation 1.3. We denote by 2 l(.) (respectively V{.)) the area (resp. the volume) i.e. the two(resp. 
three)-dimensional Hausdorff measure, and the integration on a surface is done with respect to A. 
The Gauss map n : x 1 —)■ n(x) G always refers to the unit outer normal field of the surface, while 
H = Ki K 2 is the scalar mean curvature and K = K 1 K 2 is the Gaussian curvature. 

Remark 1.4. In the above theorem, the radius of B is large enough to avoid Oe{B) being empty. 
Moreover, the assumptions on B can be relaxed by requiring B to be a non-empty bounded open set, 
smooth enough (Lipschitz for example) such that its boundary has zero three-dimensional Lebesgue 
measure, and large enough to contain at least an open ball of radius 3e. 

1.1 First application: minimizing the Canham-Helfrich energy with area 
and volume constraints 

In biology, when a sufficiently large amount of phospholipids is inserted in a aqueous media, they 
immediately gather in pairs to form bilayers also called vesicles. Devoid of nucleus among mammals, 
red blood cells are typical examples of vesicles on which is fixed a network of proteins playing the 
role of a skeleton inside the membrane m- In the 70s, Canham |S| then Helfrich m suggested a 
simple model to characterize vesicles. Imposing the area of the bilayer and the volume of fluid it 
contains, their shape is a minimizer for the following free-bending energy (see Notation fOl) : 

f = {H-HofdA + kcf KdA, (I) 

where Hq G R (called the spontaneous curvature) measures the asymmetry between the two layers, 
and where kb > 0, ka < 0 are two other physical constants. Note that if kc > 0, for any kb, Hq G R, 
the Canham-Helfrich energy m with prescribed area Hq and volume Vq is not bounded from below. 
Indeed, in that case, from the Gauss-Bonnet Theorem, the second term tends to —c» as the genus 
3 —>■ - 1 - 00 , while the first term remains bounded by 4|fcf,|(I27r -|- jHqAq) (to see this last point, 
combine jH] Remark 1.7 (hi) (1-5)], [351 Theorem 1.1], and [391 Inequality (0.2)]). 
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The two-dimensional case of ((T|) is considered by Bellettini, Dal Maso, and Paolini in [3]. Some 
of their results is recovered by Delladio [21 in the framework of special generalized Gauss graphs 
from the theory of currents. Then, Choksi and Veneroni |7] solve the axisymmetric situation of (|T]) 
in assuming —2kb < ka < 0. In the general case, this hypothesis gives a fundamental coercivity 
property [3 Lemma 2.1] and the integrand of ([I]) is standard in the sense of |2H Definition 4.1.2]. 
Hence, we get a minimizer for (HD in the class of rectifiable integer oriented 2-varifold in K.^ with 
L^-bounded generalized second fundamental form |24l Theorem 5.3.2] |3T1 Section 2] [H Appendix]. 
These compactness and lower semi-continuity properties were already noticed in jU Section 9.3]. 


However, the regularity of minimizers remains an open problem and experiments show that 
singular behaviours can occur to vesicles such as the budding effect 133 ES]. This cannot happen 
to red blood cells because their skeleton prevents the membrane from bending too much locally 
[401 Section 2.1]. To take this aspect into account, the uniform ball condition of Definition 11.11 is 
also motivated by the modelization of the equilibrium shapes of red blood cells. We even have a 
clue for its physical value uni Section 2.1.5]. Our result states as follows. 

Theorem 1.5. Let Ho,kG S R and er, fc{,,Ao,Vb > 0 such that Ag > . Then, the following 

problem has at least one solution (see Notation 


inf 

neOefR") 

A{aa)=Ao 

v{a)=Vo 


h 

y 


[ {H-HofdA + ka [ KdA. 

J dO, J dO, 


Remark 1.6. From the isoperimetric inequality, if Aq < 367rHg^, one cannot find any fl S (!l£(R") 
satisfying the two constraints; and if equality holds, the only admissible shape is the ball of area Aq 
and volume Vq. Moreover, in the above theorem, note that we did not assume the Ll G Os{B) as 
it is the case for Theorem \1.‘A because a uniform bound on their diameter is already given by the 
functional and the area constraint m Lemma l.lj. Finally, the result above also holds if Hq is 
continuous function of the position and the normal. 


1.2 Second application: minimizing the Canham-Helfrich energy with 
prescribed genus, area, and volume 

Since the Gauss-Bonnet Theorem is valid for sets of positive reach m Theorem 5.19], we get 
from Theorem 12.51 that KdA = 47r(l — g) for any compact connected C^’^-surface E (without 
boundary embedded in R^) of genus g G N. Hence, instead of minimizing (HD, people usually fix 
the topology and search for a minimizer of the following energy (see Notation (HI): 

n{E)= f {H-HofdA, (2) 

with prescribed area and enclosed volume. Like HD, such a functional depends on the surface but 
also on its orientation. However, in the case Hq ^ 0, Energy m is not even lower semi-continuous 
with respect to the varifold convergence |31 Section 9.3]: the counterexample is due to Grofie- 
Brauckmann [18]. In this case, we cannot directly use the tools of geometric measure theory but 
we can prove the following result. 

Theorem 1.7. Let Hq G R, g € N, and e, Ag, Vq > 0 such that Ag > SGttVq^. Then, the following 
problem has at least one solution (see Notation \l.tA and Remark M.bXl : 


inf 

neOe(K”) 

a;enus(5f2) —Q 

yi(an)=Ao 

v(n)=Vo 


[ {H-HofdA, 
JdQ 


where 


genus(5H) = g has to be understood as dfl is a compact connected 


-surface of genus g. 


1.3 Third application: minimizing the Willmore functional with various 
constraints 

The particular case Hq = 0 in ([2D is known as the Willmore functional (see Notation II.3|1 : 

W(S) = i / H^dA. (3) 

J s 
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It has been widely studied by geometers. Without constraint, Willmore |411 Theorem 7.2.2] proved 
that spheres are the only global minimizers of (|3]) . The existence was established by Simon (3^ for 
genus-one surfaces, Bauer and Kuwert [2] for higher genus. Recently, Marques and Neves (23] solved 
the so-called Willmore conjecture: the conformal transformations of the stereographic projection 
of the Clifford torus are the only global minimizers of ([3]) among smooth genus-one surfaces. 

A main ingredient is the conformal invariance of ([3)), from which we can in particular deduce 
that minimizing ([3]) with prescribed isoperimetric ratio is equivalent to impose the area and the 
enclosed volume. In this direction, Schygulla [3S] established the existence of a minimizer for ([3|) 
among analytic surfaces of zero genus and given isoperimetric ratio. For higher genus, Keller, 
Mondino, and Riviere |25| recently obtained similar results, using the point of view of immersions 
developed by Riviere [31] to characterize precisely the critical points of ((3|). 

An existence result related to ([3]) is the particular case Hq = 0 of Theorem 11.71 Again, the 
difficulty with these kind of functionals is not to obtain a minimizer (compactness and lower semi¬ 
continuity in the class of varifolds for example) but to show that it is regular in the usual sense (i.e. 
a smooth surface). We now give a last application of Theorem ll. 21 which comes from the modelling 
of vesicles. It is known as the bilayer-couple model [dtil Section 2.5.3] and it states as follows. 

Theorem 1.8. Let Mq G K and £, Aq, Vb > 0 such that Aq > 367 rVb^. Then, the following problem 
has at least one solution (see Notation O and E,emark \l.(i\) : 

inf - [ H^dA, 
neOe(K") 4 Jqq 

^enus(dQ) — q 

A{dn)=Ao 
V(Q)=Vo 
fan HdA=Mo 

where genus(i9n) = g has to be understood as dfl is a compact connected -surface of genus g. 

To conclude this introduction, the paper is organized as follows. In Section O we establish 
precise statements of the two characterizations associated with the uniform ball condition, namely 
Theorem 123] in terms of positive reach and Theorem 12.61 in terms of C^’^-regularity. The proofs 
were already given in [^ and are shortly reproduced here for completeness. 

Following the classical method from the calculus of variations, in Section 1331 we first obtain 
the compactness of the class Oe{B) for various modes of convergence. This essentially follows from 
the fact that the £-ball condition implies a uniform cone property, for which we already have some 
good compactness results. 

Then, in the rest of Section (3] we prove the key ingredient of Theorem 11.21 we manage to 
parametrize in a fixed local frame simultaneously all the graphs associated with the boundaries of 
a converging sequence in Oe{B) and to prove the C^-strong convergence and the IF^’'^-weak-star 
convergence of these local graphs. 

Finally, in Section [U we show how to use this local result on a suitable partition of unity to get 
the global continuity of general geometric functionals. We conclude by giving some existence results 
in Section 1331 We prove Theorem 1 1.21 its generalization to R", and detail many applications such 
as Theorems OO and ll.81 mainly coming from the modelling of vesicles and red blood cells. 

2 Two characterizations of the uniform ball property 

In this section, we establish two characterizations of the er-ball condition, namely Theorems 12.51 
and 12.61 First, we show that this property is equivalent to the notion of positive reach introduced 
by Federer m- Then, we prove that it is equivalent to a uniform -regularity of hypersurfaces. 
These are known facts. The proofs, already given in |S|, are reproduced here for completeness. 

Indeed, we did not find any reference where these two characterizations were gathered although 
many parts of Theorems 12.51 and 12.61 can be found in the literature as remarks [231 below Theorem 
1.4] [3DI (1.10)] p3l Remark 4.20], sometimes with proofs [131 Section 2.1] [191 Theorem 2.2] [231 
§4 Theorem 1] [271 Proposition 1.4], or as consequences of results [171 Theorem 1.2] [H Theorem 
1.1 ( 1 . 2 )]. 
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2.1 Definitions, notation, and statements 

Before stating the theorems, we recall some definitions and notation, used thereafter in the article. 
Consider any integer n ^ 2 henceforth set. The space R" whose points are marked x = {xi, ..., Xn) 
is naturally provided with its usual Euclidean structure, (x | y) = X]fc=i ^kUk and ||x|| = •\/(x | x), 
but also with a direct orthonormal frame whose choice will be specified later on. Inside this frame, 
every point x of R" will be written into the form (x',a;„) such that x' = {xi,... ,Xn-i) G R”"^. 
In particular, the symbols 0 and 0' respectively refer to the zero vector of R" and R"“^. 

First, some of the notation introduced in m by Federer are recalled. For every non-empty 
subset A of R", the following map is well defined and 1-Lipschitz continuous: 

d(.,A): R" —> [0,-koo[ 

X I —> d{:x.,A) = inf llx—all. 

aeA 

Furthermore, we introduce: 

Unp(A) = {x € R" I 3!a G A, ||x — a|| = d{x, A)}. 

This is the set of points in R" having a unique projection on A, that is the maximal domain on 
which the following map is well defined: 

PA ■ Unp(A) —A 

X I—pa(x), 

where pa{^) is the unique point of A such that ||p^(x) — x|| = d{x,A). We can also notice that 
A C Unp(A) thus in particular Unp(A) ^ 0. We can now express what is a set of positive reach. 

Definition 2.1. Consider any non-empty subset A o/R". First, we set for any point a G A: 

Reach(A, a) = sup {r > 0, Sr (a) C Unp(A)} , 

with the convention sup0 = 0. Then, we define the reach of A by the following quantity: 

Reach!A) = inf ReachlA, a). 

aeA 

Finally, we say that A has a positive reach if we have Reach(A) > 0. 

Remark 2.2. From Definition \2.1l the reach of a subset of R" is defined if it is not empty. 
Consequently, when considering the reach associated with the boundary of an open subset fl o/R", 
we will have to ensure dVL 0 and to do so, we will assume is not empty and different from R". 
Indeed, if dfl = 0, then If = If U = If thus fl = 0 or Cl = R" because it is both open and closed. 

Then, we also recall the definition of a C^’^-hypersurface in terms of local graph. Note that 
from the Jordan-Brouwer Separation Theorem, any compact topological hypersurface of R" has 
a well-defined inner domain, and in particular a well-defined enclosed volume. If instead of being 

compact, it is connected and closed as a subset of R", then it remains the boundary of an open set 

|321 Theorem 4.16] [TTl Section 8.15], which is not unique and possibly unbounded in this case. 

Definition 2.3. Consider any subset S o/R". We say that S is a C^'^-hypersurface if there 
exists an open subset If of R" such that dCl = S, and such that for any point Xg G dfl, there 
exists a direct orthonormal frame centred at xq such that in this local frame, there exists a map 
ip : Dr{0') —^] — a, a] continuously differentiable with a > 0, such that ip and its gradient Vp are 
L-Lipschitz continuous with L > 0, satisfying p{0') = 0, Vv3(0') = O', and also: 

( n (Dr (O') x] — a, aj) = {(x', (/j(x')) , x'G Dr{0')} 

\ n n (Dr (O') x] — a, a]) = {(x',a:„), x'G Dr(O') and — a < Xn < pix')} , 

where Dr(O') = {x' G R"“^, jjx'jj < r} denotes the open ball o/R"“^ centred at the origin 0' and 
of radius r > 0. 

Finally, we recall the definition of the uniform cone property introduced by Chenais in [B], and 
from which the e-ball condition is inspired. We also refer to [52 Definition 2.4.1]. 


5 



Definition 2.4. Let a s]0, and be an open subset o/R". We say that LI satisfies the a-cone 
condition if for any point x G dLl, there exists a unit vector o/R” such that: 

VyGB„(x)nf2, Ca{y,fx) 

where = {z G Bafy), ||z — y|| cosa < (z — y | ^x)} refers to the open cone of corner y, 

direction and span a. 

We are now in position to precisely state the two main regularity results associated with the 
uniform ball condition. 

Theorem 2.5 (A characterization in terms of positive reach). Consider any non-empty 
open subset Ll o/R" different from . Then, the following implications are true: 

(i) if there exists e > 0 such that Ll G (!le(R") as in Definition \l.ll then dLl has a positive reach 
in the sense of DeRnition \2. 1\ and we have Reach(9n) ^ e; 

(ii) if dLl has a positive reach, then G (!l£(R") for any e g] 0, Reach(9n)[, and moreover, if dLl 
has a finite positive reach, then 17 also satisfies the Keach^dLl)-ball condition. 

In other words, we have the following characterization: 

Reach(917) = sup{e >0, 17 G ©^(R")} , 

with the convention sup0 = 0. Moreover, this supremum becomes a maximum if it is not zero and 
finite. Finally, we get Reach(917) = +oo if and only if dLl is an affine hyperplane o/R". 

Theorem 2.6 (A characterization in terms of C^’^-regnlarity). Let LI be a non-empty open 
subset o/R" different from R". If there exists e: > 0 such that 17 G (!7e(R"), then its boundary 917 
is a -hypersurface o/R" in the sense of Definition where a = e and the constants L, r 
depend only on e. Moreover, we have the following properties: 

(i) 17 satisfies the f~^{e)-cone property as in Definition \2.4\ with f : a g]0, ^ G]0,+oo[; 

(ii) the vector dx of Definition \l.l\ is the unit outer normal to the hypersurface at the point x; 

(Hi) the Gauss map d : x G 917 dx G §"“^ is well defined and ^-Lipschitz continuous. 

Conversely, if S is a non-empty compact C^'^-hypersurface o/R" in the sense of Definition IXM 
then there exists e > 0 such that its inner domain 17 G (!7£(R"). In particular, it has a positive 
reach with Reach(iS) = max{e: > 0, 17 G (!7£(R")}. 

Remark 2.7. In the above assertion, note that a, L, and r only depend on e for any point of 
the hypersurface. This uniform dependence of the C^’^-regularity characterizes the class (!7£(R"). 
Indeed, the converse part of Theorem \2. 6\ also holds if instead of being compact, the non-empty C^'^- 
hypersurface S satisfies: 3e > 0,Vxo G 5,min(-^, ^ e. In this case, we still have 17 G (!7£(R") 

where 17 is the open set of DeRnition \2.2\ such that 917 = S. 

Remark 2.8. From Point (Hi) of Theorem \2.b\ the Gauss map d is j-Lipschitz continuous. Hence, 
it is differentiable almost everywhere and HD.dll^ooj-gQ) ^ i \2‘A Section 5.2.2]. In particular, the 
principal curvatures (see Section \4.1\ for definitions and (I38II for details) satisfy ^ i. 

2.2 The sets of positive reach and the uniform ball condition 

Throughout this section, 17 refers to any non-empty open subset of R" different from R". Hence, 
its boundary 917 is not empty and Reach(917) is well defined (cf. Remark l2.2ll . First, we establish 
some properties that were mentioned in Federer’s paper m and then, we show Theorem l2.5l holds. 

2.2.1 Positive reach implies uniform ball condition 

Lemma 2.9. For any point x G 917, we have: Reach(917, x) = min (Reach(17, x), Reach(R"\17, x)). 

Proof. We only sketch the proof. Observe (i(x, 917) = max((i(x, 17), (i(x,R"\17)) for any x G R" to 
get Unp(917) = Unp(17) 0 Unp(R"\17) and the equality of Lemma 12.91 follows from definitions. □ 
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Proposition 2.10 (Federer |15L Theorem 4.8]). Consider any non-empty closed subset A of 
K", a point x G A, and a vector v o/R". If the set {t > 0, x + tv G Unp(A) and pa{^ + tv) = x} 
is not empty and bounded from above, then its supremum r is well defined and x + rv cannot belong 
to the interior o/Unp(A). 

Proof. We refer to [TS] for a proof using Peano’s Existence Theorem on differential equations. □ 

Corollary 2.11. For any point x G dVl satisfying Reach(3f2,x) > 0, there exists two different 
points y G Unp(n)\{x} and y G Unp(R"'\ll)\{x} such that ^^(y) = PR"\n(y) = x. 

Proof. Consider x G dfl satisfying Reach(i90, x) > 0. From Lemma 12.91 there exists r > 0 such 
that Br{x) C Unp(n). Let (xi)igr^ be a sequence of elements in Rr (x)\n converging to x. We set: 

Vi G N, Vt G M, z,{t) = p^ixi) + 1-^—ti = ^-I d{xi,n), 

which is well defined since x^ G Unp(O). First, Zi{t) G Rr (x^) C Rj.(x) C Unp(n) for any t G [0, t^j. 
Then, using Federer’s result recalled in ProDOsition l2.101 one can prove by contradiction that: 

VtG[0,L], p^{z,{t)) =p^{xi). 

Finally, the sequence y^ = Zi(ti) satisfies Hy—Xi|| = | and also PQ{yi) = p^^lxi). Moreover, since it 
is bounded, (yi)iGN is converging, up to a subsequence, to a point denoted by y G Rr(x) C Unp(r2). 
Using the continuity of Pq [El Theorem 4.8 (4)], we get y G Unp(U)\{x} and ^^(y) = Pq{^) = x. 
To conclude, similar arguments work when replacing fl by the set R"\U so Corollarv l2.11l holds. □ 

Proof of Point (ii) in Theorem \2.5[ Since fl ^ {0, R"}, dH 0 thus its reach is well defined. 
We assume Reach(i9U) > 0, choose e g]0, Reach(5r2)[, and consider x G dCt. From Corollarv l2.111 
there exists y G Unp(0)\{x} such that ^^(y) = x so we can set dx = From Lemma 12.91 

we get x+ [0,e]dx C Unp(U). Then, we use Proposition 12.101 again to prove by contradiction that: 

VtG[0,e], pfj(x + tdx) = X. 

In particular, we have \\z — (x + edx)|| > e for any point z G U\{x} from which we deduce that: 

U C {x} U (R”\;^(x + £dx)) ;^(x + edx)\{x} C R"\U. 

Similarly, there exists a unit vector <^x of R" such that we get Re(x + e^x)\{x} C U. Since we have 
Bg{x + £^x) n Bg{x + £dx) = {x}, we obtain dx = —fx- To conclude, if Reach(dU) < +oo, then 
observe that RReach(an)(x ± Reach(dU)dx) = Uo<E<Reach(an) ± £dx)\{x} in order to check 
that U also satisfies the Reach(i9U)-ball condition. □ 

2.2.2 Uniform ball condition implies positive reach 

Proposition 2.12. Assume there exists £ > 0 such that U G (!l£(R”). Then, we have: 

V(x,y) G X an, ||dx - dyll < i||x-y||. (4) 

In particular, if x = y, then dx = dy which ensures the unit vector dx of DeRnition \l.l\ is unique. 
In other words, the map d : x G dH dx is well defined and ^-Lipschitz continuous. 

Proof. Let £ > 0 and U G ©^(R"). Since fl ^ {0, R"}, dll is not empty so choose (x, y) G dft x dft. 
First, from the £-ball condition on x and y, we have Re(x ± £dx) fl R£(y =F edy) = 0, from which 
we deduce ||x — y ± £(dx + dy)|| ^ 2£. Then, squaring these two inequalities and summing them, 
one obtains the result (|3|) of the statement: ||x — y\f f — 2£^(dx | dy) = £^||dx — dy|p. □ 

Proof of Point (i) in Theorem I if. ,51 Let £ > 0 and assume that U satisfies the £-ball condition. 
Since U ^ {0, R”}, dTl is not empty so choose any x G dTl and let us prove Re(x) C Unp(aU). First, 
we assume y G Re(x) fl U. Since dTl is closed, there exists z G dTl such that d{y, dTl) = \\z — y||. 
Moreover, we obtain from the £-ball condition and y G U: 


R£(z + £d^) C R"\U 
Bd(y,an)iy) C U 
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Belz + £dz) n Rd(y,an)(y) = 0 - 














Therefore, we deduce that y = z — d{y, 9r2)dz. Then, we show that such a z is unique. Considering 
another projection z of y on we get from the foregoing: y = z — d{y, Sfijdz ~ z — d{y, dfijdg. 
Using ([T]), we have: 

||dz - dzil ^ -||z - z|| = ||d^ _ d^ll. 

e e 

Since (i(y, 5U) ^ ||x— y|| < e, the above inequality can only hold if ||dz — dz|| = 0 i.e. z = z. Hence, 
we obtain fl H C Unp(5H) and similarly, one can prove that fl (]R"\H) C Unp(dH). 

Since dil C Unp(dH), we finally get Bg{x.) C Unp(5f2). To conclude, we have Reach(dH,x) ^ e 
for every x G i.e. Reach(5H) ^ e as required. □ 

Proposition 2.13. Assume there exists e > 0 such that H G Then, we have: 

V(a,x) G dU X dU, | (x - a | da) | ^ :^||x - a|p. (5) 

2e 

Moreover, introducing the vector (x — a)' = (x — a) — (x — a | da)da, if we assume ||(x — a)'|| < e 
and |(x — a | da)| < e, then the following local inequality holds: 

^||x- af < e- \/e2 - ||(x- a)'p. (6) 

Proof Let £ > 0 and H G (!le(R"). Since fl ^ {0, R"}, dfl is not empty so choose (a, x) G dfi x dfi. 
Observe that the point x cannot belong neither to B^ia — eda) C 0 nor to B,,{a + eda) C R”\fl. 
Hence, we have ||x — a =p £da|| ^ £■ Squaring these two inequalities, we obtain ([5|): 

||x - a|p ^ 2 e| (x - a I da) | <;=^ | (x - a | da) P - 2 e| (x - a | da) | + ||(x - a)'|p > 0. 

It is a second-order polynomial inequality and we assume that its reduced discriminant is positive: 
A' = — ||(x — a)'|p > 0. Hence, the unknown cannot be located between the two roots: either 

I (x — a I da) I ^ £ — \/^ or I (x — a I da) j ^ £ + •\/A'. We assume | (x — a | da) | < £ and the last 
case cannot hold. Squaring the remaining relation, we get the local inequality ([5]) of the statement: 
||x- a|p = I (x - a I da) P -f ||(x- a)'|p ^ 2£^ - 2£yJ- ||(x - a)'||2. □ 

2.3 The uniform ball condition and the compact C^’^-hypersurfaces 

In this section, Theorem 12.61 is proved. First, we show 9fl can be considered locally as the graph 
of a function whose C^’^-regularity is then established. Finally, we demonstrate that the converse 
statement holds in the compact case. Hence, it is the optimal regularity we can expect from the 
uniform ball property. The proofs in Sections 12.2.2112.3.11 and 12.3.21 inspire those of Section [3] 

2.3.1 A local parametrization of the boundary 5fl 

We now set £ > 0 and assume that the open set fl satisfies the £-ball condition. Since fl ^ {0, R"}, 
dTL is not empty so we consider any point xq G dVL and its unique vector dxQ from ProDOsition l2.12l 
We choose a basis Hxq of the hyperplane d^^ so that (xo,Hxo, dxo) is a direct orthonormal frame. 
Inside this frame, any point x G R" is of the form (x', Xn) such that x' = {xi ,..., Xn-i) G R"“^. 
The zero vector 0 of R" is now identified with xq so we have He(0', —£) C fl and i?e(0', £) C R"’\0. 

Proposition 2.14. The following maps (p^ are well defined on ^^(O') = {x 'gR"-i, ||x'||<£}; 

]-£,£[ 

sup{a:„ G [-£,£], (x',x„) G H} 

]-£,£[ _ 

inf{a;„ G [-£,£], (x',a;„) G R”\fl}. 

Moreover, for any x' G introducing the points x^ = (x', (/J^(x')), we have x^ G dfl and: 

l<p'^(x')l ^ -Xof ^£ - ^£2 - ||x'||2. (7) 


p+: D,{0') 

x' 

if- : D,{0') 

x' 
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Proof. Let x' G -De(O') and g : t G [—£,£] (x',t). Since —e G g~^(fl) C [—e,e], we can set 

(^"'"(x') = supg~^(fl). The map g is continuous so g~^(fl) is open and (p~^(x') ^ s thus we get 
ip(x') ^ g~^(fl) i.e. x+ G Similarly, the map (p~ is well dehned and x~ G df2. Finally, we 

use m and ([n|) on the points Xq and x = x^ in order to obtain ([7]) . □ 

Lemma 2.15. Let r = -^e and x' G Dr{0'). We assume that there exists Xn G] — £,£[ such that 
X = (x',Xn) G dfl and G K such that |iji| ^ e — \J— ||x'|p. Then, we introduce x — (x',a;„) 
and the two following implications hold: (in < Xn x G O) and {Xn > Xn x G ]R”\n). 

Proof. Let x' G Dr{0'). Since x — x = (i„ — x„)dxo, if we assume Xn > Xn, then we have: 


;-x-£dxlr-£ = 


= 

\Xn - Xn\ 

(l^n 1 

dxof - 2e) 


\Xn - Xn\ 

(|in| + \Xn\ + ^||x- 

■ xolP - 2e) 


\^n 1 

(2s — I^y/e^ — |x'P 

j < - Xn 


Indeed, we used (jl]) with x G dLt and y = xq, ((U and ([11) applied to x G dLt and a = Xq, and also 
the hypothesis made on Hence, we proved that if a;„ > x„, then x G ^^(x + £dx) C ]R”\0. 
Similarly, one can prove that if Xn < Xn, then we have x G B^(x — £dx) Q LI. □ 


Proposition 2.16. Set r = ^e. Then, the two maps of Proposition [KTfl coincide on 11^(0'). 
We denote by tp their common restriction. Moreover, we have = 0 and also: 


dHn (ilr(O')x] - £,£[) = {(x',v5(x')), x'G Dr{0')} 

Hn (ilr(O')x] — £,£[) = {(x',a:„), x'G Ur (O') and — e < Xn < 


Proof. Assume by contradiction that there exists x' G Ur(O') such that p~{x') p^fxT). We set 
X = (x', (/j+(x')) and x = (x',p~(x')). By using (I7|), the hypothesis of Lemma [2.151 are satisfied 
for X and x. Hence, either (i^“(x') < p~^(x') x G H) or (p~(x') > p~^(x') => x G R"'\H) 
whereas x G dfl. We deduce p~(x') = p~^(x') for any x' G Dr(O'). Now consider x' G Dr(O') 
and Xn G] — £,£[. We set x = (x',p(x')) and x = (x',x„). If Xn = p{x.'), then Proposition 12.141 
ensures that x G 5H. Moreover, if —£ < < —£ + — ||x'P, then x G Bs{0',—e) C ft, 

and if —£ + y/— ||x'P ^ Xn < then apply Lemma [2.151 to get x G H. Consequently, we 

proved (—£ < Xn < (x',a:„) G ft) for any x' G Ur(O'). Similar arguments hold when 

e > Xn > and imply (x', Xn) G R"\H. To conclude, note that xg = 0 = (O', p{0')). □ 


2.3.2 The -regularity of the local graph 

Lemma 2.17. The map f : a g] 0, f [e- >• G]0,+oo[ is well defined, continuous, surjective and 

increasing. In particular, it is an homeomorphism and its inverse f~^ satisfies: 

V£>0, /■^(£) < |. (8) 

Proof. The proof is basic calculus. □ 

Proposition 2.18 (Point (i) of Theorem 12.6)) . Consider any a G]0, / ^(£)] where f is defined 
in Lemma \2.17l Then, we have Ca{x, —dxo) C ft for any x G Baixo) n ft. In particular, the set 
ft satisfies the f~^{e)-cone property in the sense of Definition \2..f\ 

Proof. We set r = and Cr,e = Ur(0')x] — £,£[. We choose any a g]0,/“^(£)] then consider 
X = (x',x„) G Ba{xo) n ft and y = (y', 2 /n) G C'a(x, — dxo). The proof of the assertion y G H is 
divided into three steps: 

• check that x G Cr^e so as to introduce the point x = (x', p{x')) of dft satisfying Xn ^ ‘/?(x'); 

• consider y = (y', ?/„ + p{x') — x„) and prove that y G Ca{x, —dxo) — B^ix — £dx) C H; 

• show that (y, y) G Cr,e x Cr,e in order to deduce + p{x!) — Xn < piy') and conclude y G H. 
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First, from (H]), we have: max(||x'||, |x„|) ^ ||x —Xo|| < a ^ < §■ Hence, we get x G HnCr,e 

and applying ProDOsition l2.16l it comes Xn ^ We set x = (x', (/^(x')) G dilDCr^e- Note that 

X G B^^{xo) because Relation ([7]) applied to x = (x', (p{x')) gives: 


;-xo|p < 2£^ - 2e^/e'^ - ||x'||2 = 


4e2||x'|l = 


2e'^ + 2e-Je^ — ||x'P 


< 2 ||x'|p 2 ||x - XolP < 2 a^. 


Then, we prove C'o,(x, —dxo) C B^iSi — sdx) so consider any point z G C'o,(x, —dxp)- Using the 
Cauchy-Schwartz inequality, Q applied to x G dQ and y = xq, the fact that z G (^^(x, —dxo), 
and the foregoing observation x G R^^(xo), we have successively: 

||z - X + edxlp - £2 ^ ||z - x|p + 2 £||z - x||||dx - dxoll + 2 £(z - X I dxo) 


< ||z — x|p + 2 ||z — x||||x — XqII — 2£||z — x|| cos a 


< ||z — x|| [(l + 2 -\/ 2 ) a — 2 £cosa] < 2 ||z — x|| cos a (/(a) — £) < 0 . 

Hence, we get z G Bg{x — £dx) i.e. Ca{x, —dxo) — He(x — £dx) C H using the £-ball condition. 
Moreover, since y — x = y — x and y G Ca{x, —dxo), obtain y G Ca{^, ~Hxo) and thus y G H. 
Finally, we show that (y,y) G Cr,e x Cr,e- We have successively: 


ly^ll ^ l|y^ ~ ^^11 + ll^^ll < \/o? — o? cos2 a + a = ^ ^ sin2a + cosa ] ^ ^ 


cos a \2 

\yn\ < Ij/n - a;n| + \xn\ < ||y - x|| + ||x - Xo|| < 2a < /(a) < £ 


..'112 


\yn + (p(x') - Xn\ < ||y - x|| + £ - - ||x'P < a + 


e+ y/e^- ||x' 


= <a+^<§a<£. 


We used 0, ®, the fact that y G C'o,(x, —dxo), ^ ^ Ra(xo). To conclude, apply Proposition 
12.161 to y G fl nCr,E in order to obtain + (fix') — Xn < ^{y')- Since we firstly proved Xn ^ ‘/?(x'), 
we deduce yn < Applying Proposition 12.161 to y G Cr,e, we get y G H as required. □ 


Corollary 2.19. The map ip restricted to is tan [ /-i(e) ] -Lipschitz continuous. 

Proof. We set a = r = and f = 4^/“^(£). We choose any (x^, x'_) G Df{Q')xDf{0'). 

From ®, we get f < r so we can consider x± = (x^, (/^(x^)) and Proposition 12.141 gives: 


l|x± 



4£^ 


2£2 + 2eyfe^ 


^ 2 ||x' 


P < 2 f 2 < aP 


Hence, we obtain x± G i?a(xo)ni9H. We also have: ||x+—x_|| < ||x+—Xo|| + ||xo—x_ II < 2fyf2 — a. 
Finally, applying Proposition 12.181 the points x± cannot belong to the cones (7a(xzf:, — dxo) — ^ 
thus we get: |(x+ - x_ | dxo)| ^ cosa||x+ - x_|| = cosayHx^ - x'_P + |(x+ - x_ | dxo)p. 
Consequently, one can re-arrange these terms in order to obtain the result of the statement: 
|V 2 (xV) - :p(x'_)| = |(x+-x_ I dxo)| ^ ^||x'+-x'„||. □ 


Proposition 2.20. Set r = The map p of Proposition \2fJM restricted to Df{0') is 

differentiable and its gradient 'S/ip : Df{0') —> is L-Lipschitz continuous where L > 0 depends 

only on e. Moreover, we have V:/ 9 ( 0 ') = 0 ' and also: 


Wsl' G Df{0'), V<p(a') 


-1 

(da I dxo) 


di 


where a = (a', p{a')). 


Proof. Let a' G Df{0') and x' G Zlf_||a'|| (a'). Consequently, we have (a',x') G Df{0') x Df{0') 
and from ®, we get f < ■^£. Hence, using Proposition 12.161 we can introduce x := (x',p(x')) 
and a := (a',p(a')). Applying ® to (a, x) G dfl x dft and using the Lipschitz continuity of p on 
Df{0') proved in Corollarv l2.191 we deduce that: 


(¥.(x')-^(a'))da„ + (d'. 






X - a 




2 £ 


1 -h 


tan^ [/-!(£)] 


|x' - a'lP, 


:=C(e)>0 
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where we set da = (d^,da„) with da„ = (da | dxo)- It represents a first-order Taylor expansion of 
the map ip if we can divide the above inequality by a uniform positive constant smaller than da„. 
Let us justify this assertion. Apply Q to x = a and y = xq, then use ([7]) to get: 


dan — 1 2 11 I 


^ 1 - 


2£2 


|a- xo| 


^ 1 - 


■ - - 


a'l|2 


,'l |2 


= 1 - 


e(£+fy£ 2 _||a/|| 2 ) 


Hence, using (jS]), we obtain dan Therefore, is a differentiable map at any 

point a' G Df{0') and its gradient is the one given in the statement: 


Vx' G £)r-||a'||(a'), 


if{x') - ifia') + 



< f C(£)||X' 


Moreover, for any (a',x') G Df{0') x Df{0'), we have successively: 


||V(^(x') - V^(a')|| < 


dan dxn 


|d;ii + 


l|di-d'II < 


322 32 


I da dx 




32 


32 \ „ „ 32 

l + 3Y)l|x-a|K — 


1 + 1 ( 1 ,;i + 


T 


tan 2 [/-i(£:)] 


We applied (jH) to x and y = a, then used the Lipschitz continuity of ip proved in Corollary 12. 191 
Hence, Vip : a' G Df{0') i—7> W(p{a') is L-Lipschitz continuous with L > 0 depending only on e. □ 

Corollary 2.21 (Points (ii) and (iii) of Theorem 12.61) . The unit vector dxQ of Defimtion \ 1.1] is 
the outer normal to dil at the point Xq. In particular, the I-Lipschitz continuous map d : x i-P- dx 
of Provosition \^.1‘A is the Gauss map of the -hypersurface dLl. 

Proof. Consider the map (p : Df{0') —>■] — e,e[ whose C^’^-regularity comes from ProDOsition l2.2()l 
We define the C^’^-map X : Df{Q') —>■ dVt by A(x') = (x',(/j(x')) then we consider x' G Df{0'). 
We denote by (efe)i^fc<jn-i the first vectors of our local basis. The tangent plane of dLl at A(x') is 
spanned by the vectors dkX(x') = Ck + (O', dkipfx!)). Since any normal vector u = (mi, ..., u„) to 
this hyperplane is orthogonal to this (n — 1) vectors, we have: (u | dkXix!)) = 0 ^ Uk = 

Hence, we obtain u = ;;j^dx so u is collinear to dx. Now, if we impose that u points outwards O 

^xn 

and if we assume ||u|| = 1, then we get u = dx- □ 


2.3.3 The compact case: when C^’^-regularity implies the uniform ball condition 

Proof of Theorem \ 2. 6[ Combining Proposition [2T8] and Corollarv l2.211 it remains to prove the 
converse part of Theorem 12.61 Consider any non-empty compact C^’^-hypersurface S of R" and 
its associated inner domain fl. Choose any xq G dH and its local frame as in Definition 12.31 First, 
we have for any (x', y') G Dr(O') x Dr(O') with g : t € [0,1] 1 —>■ ip{x' -\- t{y' — x')): 


|:^(y')-:^(x')-(V^(x') I y'-x')| = 


[g'{t)-g'mdt 


^ \g'{t)-9'mdt 




[ II V(/5 (x' -h t(y' - x')) - V(^(x')|| ||y' - x'||df 
Jo 


< 2 11 ^'" 


Then, we set £0 = f) ^'^d consider any x G ^^^(xo) fl dH. Since £0 ^ min(r, a), there 

exists x' G Dr{0') such that x = (x', :^(x')). We introduce the notation dx„ = (1 -I- || V(/j(x')|| 2)“5 
and dx = —dx„V(/j(x') so that dx := (dfydxn) is a unit vector. Now, let us show that H satisfy 
the £o-ball condition at the point x so choose any y G Hep(x-|-£odx) C i? 2 eo(^) — l? 3 eo(^o)- Since 
3 £o ^ min(r, a), there exists y' G Dr{0') and 2 /„ g] — a,a[ such that y = {y',yn)- Moreover, we 
havey G R”\H iff > (p{y'). Observing that ||y-x-£odx|| < £0 < (y - x | dx). 
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we obtain successively: 


Vn - </3(y') = — [dx„ ivn - ‘/5(x')) + « I y' - x') - (d;, I y' - x') + dx„ - (p{y'))] 


-(y-x|dx) - ^{y') + + (V¥.(x') I y'- x') 


> 


l|y-x|| 

2£:odxrj 


-Ily'-x'lP > - 

2 " 2dx 


y'-x'f --L ^ 0. 


£0 


Consequently, we get y ^ n and we proved + erodx) C K"\n. Similarly, we can obtain 

i?£o(x —£odx) ^ Hence, for any Xq G dfl, there exists £o > 0 such that Hni?ep(xo) satisfies the 
£o-ball condition. Finally, as is compact, it is included in a hnite reunion of such balls i?ep(xo). 
Define £ > 0 as the minimum of this finite number of £o and D will satisfy the £-ball property. □ 


3 Parametrization of a converging sequence from Os{B) 

In this section, we first recall a known compactness result about the uniform cone property [ 6 ]. 
Since we know from Point (i) of Theorem 12.61 that every set satisfying the £-ball condition also 
satishes the /“^(£)-cone property, we only have to check that Oe{B) is closed under the Hausdorff 
convergence to get its compactness. Hence, we obtain the following result. 

Proposition 3.1. Let £ > 0 and B C M” a bounded open set, large enough to contain an open ball 
of radius 3£, and smooth enough so that dB has zero n-dimensional Lebesgue measure, is 

a seguence of elements from Oe{B), then there exists H G Oe{B) such that a subseguence 
converges to Ll in the following sense (see Definition \3.4\ for the various modes of convergence): 

(i) converges to H in the Hausdorff sense; 

(ii) converges to dVL for the Hausdorff distance; 

(Hi) converges to LI for the Hausdorff distance; 

(iv) converges to B\Ll in the Hausdorff sense; 

(v) (r2y,(j))jgN converges to H in the sense of compact sets; 

(vi) converges to LI in the sense of characteristic functions. 

Then, in the rest of this section, we consider a sequence of elements from Oe{B) 

converging to D € Oe{B) in the sense of Proposition 13.11 and we prove that locally the boundaries 
dLli can be parametrized simultaneously by C^’^-graphs in a fixed local frame associated with dLl. 
Finally, we get the C^-strong and IF^’°°-weak-star convergence of these local graphs as follows. 

Theorem 3.2. Let (Hi)igN C Oe{B) converge to LI G Oe{B) in the sense of Provosition fOl (i)- 

(vi). Then, for any point Xq G dLl, there exists a direct orthonormal frame centred at Xq, and also 

I G N depending only on xq, £, LI, and (Hi)igN) such that inside this frame, for any integer i ^ I, 
there exists a continuously differentiable map (fi : Df{Q') —>] — £,£[, whose gradient Vipi and pi 
are L-Lipschitz continuous with L > 0 and r > 0 depending only on e, and such that: 

( dHi n (Df=(0') n [-£,£]) = {(x',(^i(x')), x'G Df{0')} 

\ Hi n (Df=( 0 ') n [-£,£]) = {(x',a:„), x'£ £)f=( 0 ') and - £ < a;„ < (/ 7 i(x')} . 

Moreover, considering the map p of Definition \2.3\ associated with the point Xp of dLl, we have: 

ipi ^ ip in (Dr(O')) and pi ^ p weak — star in W^’°° (Df (O')) . (9) 

Hence, the rest of this section is devoted to the proof of Theorem l3.2l which is done in the same 
spirit as Sections 12 . 2.21 [T3.ll and 12.3.21 It is organized as follows. 

• Some global and local geometric inequalities are established. 
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• The boundary dfli is locally parametrized by a graph. 

• We obtain the C^’^-regularity of the local graph associated with d^li. 

• We prove that ((HI) holds for the local graphs. 

Remark 3.3. Only Point (v) of Provosition fOl is needed to obtain the first part of Theorem \ti.‘A 
To get the second part, we also need to assume Point (ii) of Provo sition [&7J[ Indeed, this hypothesis 
ensures that the converging sequence of local graphs converges to the one associated with dH. 

3.1 Compactness of the class 0 ^( 3 ) 

First, we quickly define the modes of convergence given in Proposition 13.11 Then, we state the 
compactness theorem associated with the uniform cone property. Finally, Proposition l3.1l is proved. 

Definition 3.4. The Hausdorff distance dn between two compact sets X,Y C K” is defined by 
dH{X,Y) = max(maxxGX F), maxygv c?(y, X)). We say that a sequence of compacts sets 
converges to a compact set K for the Hausdorff distance if dniKi, K) —^ 0. Let B be any 
non-empty bounded open subset ofMP. A sequence of open sets C B converges to LI G B: 

• in the Hausdorff sense if {B\Lli)i^fi converges to B\Ll for the Hausdorff distance; 

• in the sense of compact sets if for any compact sets K and L such that K G LI and L G B\Ll, 
there exists / £ N such that for any integer i ^ I, we have K G Lli and L G B\Lli; 

• in the sense of characteristic functions if we have J-g|lni(x) — ln(x)|(ix —^ 0, where lx is 
the characteristic function of X, valued one for the points of X, otherwise zero. 

In [ini Theorem 2.8], Point (i) of Proposition [XU is proved. However, we can prove Proposition 
13.II by applying Theorem 12.61 fil and the following result. 

Theorem 3.5 (Chenais |22L Theorem 2.4.10]). Let a £]0, ^[ and B be as in Provosition \3. 11 
We set Da{B) the class of non-empty open sets LI G B that satisfy the a-cone property as in 
Definition \2.4\ If (Lli)is a sequence of elements from Da{B), then there exists LI £ OaiB) such 
that a subsequence converges to LI in the sense of Provosition [ff7\ (i)-(vi). 

Proof. We only sketch the proof and refer to [221 Theorem 2.4.10] for further details. First, consider 
any (fli)igN C B and show that, up to a subsequence, it is converging to H C H in the Hausdorff 
sense. Then, use the uniform cone condition to get LI £ Da{B) and limi_>.+oo d/r9H) = 
limi_>+oo dH{Lli,Lt) = 0. Next, deduce that {B\Lli)i^fi converges to B\Ll in the Hausdorff sense, 
and (Hi)igN to Ll in the sense of compact sets. Finally, since LI £ Da{B), dLl is a finite reunion 
of Lipschitz graphs so it has zero n-dimensional Lebesgue measure PXI Section 2.4.2 Theorem 2] 
and so does dB by assumption. Combining this observation with the convergence in the sense of 
compacts, we obtain the convergence in the sense of characteristic functions. □ 

Proof of Provosition 1 3. T[ Since Oe{B) G Dy-i(£)(H) (Point (i) of Theorem 12.61) . Theorem 13.51 
holds and we only have to check Ll £ OffB). Consider any x £ dLl. From [221 Proposition 2.2.14], 
there exists a sequence of points £ dLli converging to x. Then, we can apply the £-ball condition 
on each point x^ so there exists a sequence of unit vector dx^ of K" such that: 

( Bffx,,-ed^f) GLli 
Vi £ N, _ 

[ Bffyii P sdxj C B\Lli. 

Since ||dxj] = 1, there exists a unit vector dx of K” such that, up to a subsequence, (dxJigN 
converges to dx. Finally, the inclusion is stable under the Hausdorff convergence [221 (2.16)] and 
we get the e-ball condition of Definition 1 1.1 1 by letting i —>■ -|-oo in the above inclusions. □ 
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3.2 Some global and local geometric inequalities 

In the rest of Section[31 we consider a sequence (Oi)iGN C Oe{B) converging to 17 G Oe{B) in the 
sense of Proposition [XT] fiVfvii and we make the following hypothesis. 

Assumption 3.6. Let xq G dLl henceforth set. From the e-ball condition, a unit vector dxo is 
associated with the point xq (which is unique from Provosition Moreover, we have: 


^ f7 

.Be(xo + edxo) C B\n. 


Then, we also consider rj G]0,e[. Since we assume Point (v) of Provosition HOI there exists J G N 
depending on (I7i)ieN) xq, e and rj, such that for any integer iI, we have: 


{ fSs—r}{^0 ^^dxo) F Lli 

_ _ ( 10 ) 

Bs-r,{xo + edxo) C B\f7i. 

Finally, we consider any integer i^ F 

Proposition 3.7. Assume cni). For any point x^ G dTli, we have the following inequality: 

||dx. - dxof ^ ilx, - Xof + (11) 


Proof. Combine TO with the e-ball condition at x^ G dfli to get i?e_,,(xo±edx(,)ni?£(xi=Fedxi) = 
0. We deduce ||x,; —Xo=Fe(dxi-l-dx(,)|| '^2e — r]. Squaring these two inequalities and summing them, 
we obtain the required one: ||xi —Xo|p-|-4e^—(2e — 77 )^ ^ 2e^ —2e^(dxi | dx^) = e^jldx^ —dx^p. □ 

Proposition 3.8. Under as sumvtion \ 3. 61 for anysci G dTli, we have the following global inequality: 

|(x, - xo I dx,)| < ^||x, - xof + (12) 

Moreover, if we introduce the vector (x^ — Xq)' = (x^ — Xq) — (x^ — xq | dx(,)dxo and if we assume 
that II (xi — Xo)'|| ^ e — 77 and |(xi — Xq | dxo)| ^ e, then we have the following local inequality: 

^||xi-Xof-f^-< £-f(£-??)^ - ll(x^-xo)'f ■ (13) 

Proof. From m, any point Xi G dfli cannot belong to the sets ±edx(,). Hence, we have: 

||xi — Xq =F edxoII > e — rj. Squaring these two inequalities, we get the first required relation (fT21) : 
||xi — Xof -I- — (e — 77 )^ > 2e|(x,; — Xo | dxo)|. Then, by introducing the vector (x,; — Xo)' of the 

statement, the previous inequality now takes the following form: 

|(xi - Xo I dxo)P - 2e|(x, - Xo | dxo)| + fx^ - xo)'f -f - {e - pf > 0. 


We assume that its left member is a second-order polynomial whose discriminant is non-negative: 
A' := (e — 77 )^ — ||(xi — xo)'f > 0. Hence, the unknown satisfies either |(xi — Xo | dxo)| < e — 
or |(xi — Xo I dxo)I > £ + ■ We assume |(xi — Xo | dxo)| ^ £ and the last case cannot hold. 

Squaring the remaining inequality, we get: |(xi — xo | dxo)P + || (x^ — Xo)'f < + [e — pY — 2£\fK' , 

which is the second required relation (fT51) since its left member is equal to ||xi — xof. □ 

Corollary 3.9. With the same assumptions and notation as in Provositions \3.'1\ and \3.<A we have: 

||xi-xo|| < 277 + 2 ||(xj-Xo)'||, (14) 

e||dx, - dxo II < f2||(xi - Xo)'||. (15) 
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Proof. Consider any x,; G dfli. We set (x^ — xq)' = (x^ — xg) — (x^ — xq | dx(,)dxo. We assume 
||(xi — Xo)'|| ^ e — r] and |(xi — Xg | dxo)! ^ e. The local estimation (fT^ of Proposition 13.81 gives: 


||xj-xo|p < + (e- 77)2 - 2 £i/(e- 77)2 - ||(x, - xo )'||2 


+ (e - rif - - rff + de^lKx^ - Xg)'p 


< 


£2 + (e - 77)2 + 2 £v^(£ - 77)2 - ||(Xi - Xg )'||2 

N2n2 


— {e — rff 


+ 4||(x,-Xo)'f < V + 4||(x,-xg)'f. 


Hence, we get: ||xi — xg|| < 277 + 2||(xi — xg)'||. Then, using m, we also have: 

£||dx; - dxo II < \/ 4£2 - (2£ - 77)2 + ||xj - Xg|| 2 . 
Combining the above inequality with m, we obtain: 

£||dx, - dx, 


< y^ 4£77 - 772 + £2 + (e - 77)2 - 2e^(£ - rj)'^ - ||(xi - xg)'||2 

< 2y2£^+y2||(Xi - Xg)'| 


= j2e- 


4eri + II (xi - xg) 


/||2 


e + ri+ 

Consequently, the two required inequalities (11^1) and dTSl) are established so Corollarv l3.9l holds. □ 


3.3 A local parametrization of the boundary dQi 

Henceforth, we consider a basis of the hyperplane d^o such that (xg, , dxo ) ^ direct 

orthonormal frame. The position of any point is now determined in this local frame associated 
with Xg. More precisely, for any point x G R", we set x' = (xi,... ,x„_i) such that x = (x',x„). 
In particular, the symbols 0 and 0' respectively refer to the zero vector of R" and R"“^. Moreover, 
since xg is identified with 0 in this new frame. Relations (HOI) of Assumption 13.61 take new forms: 


C a 

: b ; i ;( o ',£) c B\Th. 


(16) 


We introduce two functions defined on Zle_^(0') = {x' G R"“^, ||x'|| ^ £ — 77 }. The first one 
determine around Xg the position of the boundary dfli thanks to some exterior points, the other 
one with interior points. Then, we show these two maps coincide even if it means reducing 77 . 

Proposition 3.10. Under Assu'mvtion \3.b\ the two following maps ipf are well defined: 

]-£,£[ 

ipf (x') = sup{a:„ € [-£, £], (x', Xn) G 

]-£,£[ _ 

( 77 “(x') = inf{a:„ € [-£,£], (x',a:„) e 




■ 

De-r,{0') 

x' 


Moreover, for any x' G introducing the points x^ = (x', we have x^ G dVli and 

also the following inequalities: 


IV5?(x')l < ^l|xf -xol 


£^ - (£ - V? 

2e 


< £ - \/(e - 77)2 - 


(17) 


Proof Let x' G lle_,,(0') and g '■ t G [—£,£] (x',t). Since —£ G g~^{fli) C [—£,£], we can set 

(/^(''(x') = sup 77 “^(Hi). The map g is continuous so 77 “^(H^) is open and 7 ?(^(x') 7 ^ £ thus we get 
ipf{x.') ^ 77 “^(Hi) i.e. x.f G Hi\Hi. Similarly, the map ip~ is well defined and x~ G dfli. Finally, 
we use m and m on the points xg and Xi = x^ in order to obtain (fT7l) . □ 
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Lemma 3.11. We make Assumvtion \3.(^ and assume ?? < f • We set r = A{e — 77 )^ — (e + 77 )^ 
and x' £ £)j.(0'). Assume there exists Xn £ such that := (x',Xn) belongs to dVLi. We also 

consider £ R satisfying the inequality |i„| < e — ie — 77 )^ — ||x'|p. Introducing x^ = (x',i„), 
i/ieK we have: (i„ < x„ Xi £ ili) and (i„ > Xn x^ £ . 

Proof. We assume ry < | so we can set r = ^y/A{£ — ry)^ — (e + ry)^. Consider any x' £ 11^(0') and 
also £ [—£:,e]^ such that x,; := (x',a;„) £ and x^ := (x',i„) ^ i?e_,,( 0 ', ie). We need 

to show that if ^ a;„, then x^ £ B^{xi ± edxj. The e-ball condition on will give the result. 
Since Xi — Xi = {xn — in)dxo) if we assume Xn > Xn, then we have: 

||x* - Xi - edxjp - e^ = (i„ - - 2 e(i„ - a;„)(dxo | dxj 

— I^n I (l^n ^n \ “t“ e||dxj dxgH 2 e) 

< \Xn - Xn\ (^|in| + |a^n| + - 2e^ , 

where the last inequality comes from Proposition 13.71 ([TlTl applied to x^ £ dfli. Finally, we use the 
inequality involving and the ones (HH)-® of Proposition 13.81 applied to Xi £ dUi to obtain: 

\\xi -X,- edxjp - e^ < 4|a;„ - Xn\ “ ^(e - - ||x'P^ . 

'-V-' 

= 0 

Hence, if i„ > Xn, then we get x^ £ Bg{xi + edx,) C B\Ili. Similarly, one can prove that if 
Xn < Xm then we have x^ £ Bg(xi — edxj Q Hi- □ 

Proposition 3.12. Let rj, r be as in Lemma \3.11\ Then, the two functions of Provosition [?. 1 0\ 
coincide on Dr(0'). The map ipi refers to their common restrictions and it satisfies: 

( dHi n (£>,.( 0 ') n [-£,£]) = {{x',ipi{x')), x' G Dr{0')} 

\ Hi n (£>r-( 0 ') n [-£,e]) = {(x',a:„), x'£ 11 ^( 0 ') and - e ^ x„ < (y?i(x')} . 

Proof. First, we assume by contradiction that there exists x' £ Dr{0') such that ip~{x') ^ (ff{x'). 
The hypothesis of Lemma [3. Ill are satisfied for the points Xi := (x', ip^ (x')) and x^ := (x', ip~ (x')) 
by using (El). Hence, either (lyj- (x') < ipf (x') ^ x,; £ Hi) or {(p. (x') > (p^ (x') Xi £ i?\Hi) 
whereas Xi £ dfli. We deduce that p~(x') = pf(x') for any x' £ Dr(O'). Then, we consider 
x' £ Dr(O') and £ [—£,e]. We set Xi = (x',iy 5 i(x')) and Xi = (x',x„). Proposition 13. 101 ensures 

that if Xn = (pi(x'), then Xi £ dfli. Moreover, if —£ ^ ^ —£ -I- \/{s — ry)^ — ||x'P, then 

Xi £ Bg-r){0', —s) Q Hi and if —e + \J{£ — rj)^ — ||x'P < Xn < then apply Lemma [3.111 in 

order to get Xi £ Hi. Consequently, we proved: Vx' £ Dr{0'), —e ^ Xn < ‘Piify-') (x',a;„) £ Hi. 
To conclude, similar arguments hold when e ^ Xn > <Piix') and imply (x',Xn) £ B\fli. □ 


3.4 The C^’^-regularity of the local graph ipi 

We previously showed that the boundary dfli is locally described by the graph of a well-defined 
map Pi : Dr(O') —>] — £,£[• Now we prove its C^’^-regularity even if it means reducing g and r. 

Lemma 3.13. The following map is well defined, smooth, surjective and increasing: 


fv-- ]0,f[ 


2 I 
a 


]2i/2£7y, -|-oo[ 
3a -I- 2y/2£rj 
cos a 


In particular, it is an homeomorphism and its inverse f^ ^ 


satisfies the following inequality: 


V£ >0, V?y £ 


0>l 




-1 


(e) < I- 


(18) 


Proof. The proof is basic calculus. 


□ 
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Proposition 3.14. In Assumvtion \S.(K let rj < ^ and consider a g]0, where ^ has been 

introduced in Lemma \3.1S[ Then, we have: 

VXj G -ZIck(xq) n Hi, Cai^'S.i, dxQ) ^ Hi, 

where C'a(xi, —dx(,) is defined in Definition ] 2. 4\ 

Proof. Since we have 77 < |, we can set r = 4,{e — 77 )^ — (e + 77 )^ and Cr,e = -Dr(O') x [—e,e\. 

Moreover, we assume 77 < | i-e. 2-/2eri < e so ff^{s) is well defined. Choose a g] 0, f~^{e)] then 
consider x^ = (x',x„) € Ba{xo) fl Hi and = (y',7/n) G C'a(xi, —dxo). The proof of the assertion 
yi € Hi is divided into the three following steps. 

1. Check X,; e Cr,e so as to introduce the point Xi = (x', (pi(x')) of dHi satisfying Xn ^ (pi(x'). 

2. Consider y^ = (y', 7 /„ + ifiiix') - x„) and prove y^ e (^^(xi, -dx^) C Be(xi - edxj C Hi. 

3. Show (yi, Yi) € Cr,e x Cr,e in order to deduce yn + — Xn < Ti{y') and conclude yi G Hi. 

First, from CHI), we have: max(||x'||, |x„|) ^ ||xi — Xo|| < a < ^(e) < |. Since 77 < |, we get 

^ > f thus Xi G HiCiCr,e- Hence, from ProDOsition l3.121 it comes ^ 

We set Xi = {x',‘.pi{x')) G dHi nCr,£. Then, we prove (^^(xi,—dx^) C Bg{xi — edxj so consider 
nny y G Ca(xi, —dxo). Combining the Cauchy-Schwartz inequality and y G Caixi, —dxo), S^t: 

||y - Xi + edxj |2 - < ||y - Xi|p + 2 e||y - Xi||||dx, - dxol| - 2 e||y - Xi|| cosa 


< 2||y-x,;|| (I+2V2e^+y2||x'|| 


e cos a) < 2 a cos a {fn (a) — e), 
J ^ ^ 


^0 


where we used (ITCI) on Xi G dHi fl Cr,e and ||x'|| < ||xi — Xo|| < a. Hence, y G Bs{xi — edxj so 
Cai^i, —dxo) — Be{xi — edxj C Hi, using the e-ball condition. Moreover, since yi — Xi = yi — Xi 
and Yi G Ca(xi,—dxo), S^t Yi G Ca(xi,—dxo), which ends the proof of yi G Hi. Finally, we 

check that (yi,yi) G Cr^e x Cr^e- We have successively: 


a f 1 


ly^ll ^ l|y^ — x'll + ||x'|| < \/d^ — cos^ a + a = - ( - sin2a -I- cosa I < 


cosa \2 

\yn\ < \yn - Xn\ + \Xn\ < ||yz “ Xi|| -b ||Xi - Xo|| < 2a < /(a) < £ 


A (a) 


^ - < r 
2 2 


\yn\ = \yn + <fi{x') - Xn\ < ||y* - Xill -b £ - - 7 ?)^ - ||x'||2 < a -b 


y{2s - y) 


.'l|2 


e-b 


Here, we used Relation C3, the fact that Yi G Ca(xi, —dxo) Xi G Ba{xQ). Hence, we obtain: 
|77„| < 2a -b 277 < 2/“^(e) -b 2| < ^ -b | < £. To conclude, apply Proposition [2112] to yi G Hi nCr,e 
in order to get 7 /„ -b y:i(x') — x„ < ip{y'). Since we firstly proved Xn ^ (pi{x'), we have yn < Tiiy')- 
Applying Proposition 13 .1 21 to yi G Cr,e, we get yi G Hi as required. □ 


Lemma 3.15. The following map is well defined, smooth, surjective and increasing: 


9- ]0:f[ —^ ]0,-boo[ 

3277 

^ cos^(477)' 

In particular, it is an homeomorphism and its inverse g~^ satisfies the following relations: 

V£>0, 9~\£)<^ and 3 ”^(e) < ^/gT\(^)(£), (19) 

where f~^ is defined in Lemma \S.ld[ 

Proof. We only prove the inequality g~^{e) < 4/C.\, -.(e). The remaining part is basic calculus. 
Consider any £ > 0. There exists a unique 77 g]0, !■[ such that 77 ( 77 ) = £ or equivalently 77 = g~^{£). 
Hence, we have 477 g]0, so we can compute, using the first inequality y < 




272^ (, , 2 v /2^ / + .4^ 

cos( 477) y V £ j cos( 477) y V 32 j cos(477) 


^Jg(ri)£ = £. 


Since is an increasing homeomorphism, so does ^ and the inequality follows: 477 < /^ ^(£). □ 
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Corollary 3.16. In Assumvtion \3. 61 we set rj = g ^(e), then consider a = ^(e) and r = ja — g. 

The restriction to Df{0') of the map ipi defined in Provosition \3.1^ is tan a -Lipschitz continuous. 

Proof Let g = g~^{e) and using (fTOl) . we have ry < ^ so we can set r = ^\/4:{s — gY — (e + gY 
and a = f~^{e), but we also have f := ja — g > 0. We consider any (xY,x'_) S Df{0') x Df{0'). 
Using (fTH|l - (fT!?l) . we get r < jf~^{e) < ^ < From Proposition 13.121 

we can define x^ := (x^, (/?i(x^)) G dfii. Then, we show that x^ G dfl^ fi Bafx-o) LI Bafxl). 
Relation (jl4p ensures that ||x^ ~ xo|| < 2||xy| + 2g ^ 2r + 2g < a and the triangle inequality 
gives ||x+ — x“|| ^ ||x+ — XqII + ||xo — x“|| < 4r + 4g = a. Finally, we apply Proposition 13.141 to 
xf £ dVti n i?a(xo), which cannot belong to the cone , —dx^) C Vli. Hence, we obtain: 


l(x+ - X, I dxo)| < cosa||x+ - xjl = cosaY^||x'+- x'.p + |(x+- x^ | dxo)p. 

Re-arranging the above inequality, we deduce that the map ipi is L-Lipschitz continuous with L > 0 
depending only on e as required: pj(x'+) - = |(x+ - x“ | dxo)| ^ “ ^-11- ^ 


Proposition 3.17. We set r = jfg-i(^^^{£) — g ^(£)> where f and g are defined in Lemmas \S.lS\ 
and \3.l3[ Then, the restriction to Df(0') of the map ipi defined in Provosition \8. l‘A is differentiable: 


Va' G Df{0’), Vipi{a!) 


-1 

(da. I dxo) 


di 


where a* := (a', (/3j(a')). 


Moreover, 'S/(pi : Df[0') —>■ K" ^ is L-Lipschitz continuous with L > 0 depending only on e. 

Proof Let g = g“^(e) and using (fT^ . we have ry < ^ so we can set r = — gY — (e + gY 

and a = f~^{e), but we also have r := ja — g > 0. Let a' G Df{0') and x' G Ilf:_||a'|| (a'). Hence, 
(a',x') G Df{0') X Df{0'). Using ((IHI)-((I1I), we get r < |/ppe) < ^ < < f- 

From Proposition [3112 we can define x^ := G dfli. Then, we apply (O to thus: 

I(x,-a,; I da,)| ^Hxi-a^f = ^ (||x' - a'f -h pi(x') - ipr{a!)\'^) ^ ^ 

:=C(e)>0 


1-h 


i 




l|x'-a'P, 


where we also used the Lipschitz continuity of ipi on established in Corollarv l3.16l We note 

that da; = (d^., (dajn) where (dajn = (da^ | dx^). Hence, the above inequality takes the form: 

I (^.(x') - :^,(a')) (daj„ + (d' I x' - a')K C(£)||x' - a'f. 


This last inequality is a first-order Taylor expansion of (pi if it can be divided by a uniform positive 
constant smaller than (dajn- Let us justify this last assertion. From ([TT]| and ([T3ll . we deduce: 

(da.)„ = 1 - i||da. - dxof > 1 - ^||a, - xof - > 1 - ||a'f - 

Then, Inequality HUD gives f < ^ and from (HI, it comes ||a'|| <r< j < Consequently, we 
get (dajn > [(§ 5 )^ — ~ M ^ if ^ad from the foregoing, we obtain: 


Vx' G i:>f._||a'||(a'), 


(Pi(x') - pi{a') -H 


(daj^ 


29 " " 


Therefore, pi is differentiable at any point a' G Df{0') with Vpi{a') = —d^./(dajn. Finally, we 
show that Vpi : Df{0') —>■ is Lipschitz continuous. Let (x',a') G Df{0'] x L)f(O'). We have: 


||V(/7i(x') - V(/3fa')|| ^ 








|(dajn - (dxjril + ||dai “ dxj| 




32 





32 




1 


tan^ a 


We used the fact that (dajn < the Lipschitz continuity of pi proved in Corollarv l3.16l and the 
one of the map x^ G dTli i-> dx^ coming from Proposition 12 . 121 applied to Tli G Oe{B). To conclude, 
Vpi is an L-Lipschitz continuous map, where L > 0 depends only on e. □ 
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Proof of Theorem I S. M Set K = Dr (O') where f := — g ^(e) is positive from ((T9|). 

From Propositions 13.121 13.171 and Corollary 13.161 we proved that each ili is parametrized by a 
local graph ifi : K —>■] — £:,£[ as in Theorem 13.21 Hence, it remains to prove the convergence 
of these graphs. Since the sequence is uniformly bounded and equi-Lipschitz continuous, 

from the Arzela-Ascoli Theorem and up to a subsequence, it is converging to a continuous function 
: AT —>■] — e, e[. Considering the local map tp : AT —>■] — e, e[ associated with 9H, we now show that 
tp = (p. Considering any x' £ AT, we set x = (x', <p(x')) and x^ = (x', ipiiyi')). There exists y £ 
such that d(xi, cAl) = ||xi — y||. Then, we have: 

d(x,5H) ^ ||x-y|| < ||x-Xi|| + ||Xj-y|| = |v3*(x') - :p(x')|+d(xi,5H) 

^ ~'f>\\c°{K) dnid^i^dVi). 

By letting i —>■ +oo, we obtain x £ cAln (AT x [—e, e]). Hence, Proposition Kl. 121 gives x = (x', <p(x')) 
so p{'s!) = pipi!) for any x' £ AT. This also show that p is the unique limit of any converging 
subsequence of Hence, the whole sequence is converging to p uniformly on K. 

Similarly, is uniformly bounded and equi-Lipschitz continuous, so it converges uniformly 

on AT to a map, which must heVp (use the convergence in the sense of distributions). To conclude, 
using [221 Section 5.2.2], each coefficient of the Hessian matrix of pi is uniformly bounded in L°°{K). 
Hence [221 Lemma 2.2.27], each of them weakly-star converges in L°°{K) to the one of p. □ 


4 Continuity of some geometric functionals in the class Oe{B) 


In this section, we prove that the convergence properties and the uniform C^’^-regularity of the 
class Oe{B) ensure the continuity of some geometric functionals. More precisely, with a suitable 
partition of unity, we show how to use the local convergence results of Theorem 13.21 to obtain 
the global continuity of linear integrals in the elementary symmetric polynomials of the principal 
curvatures. Throughout this section, we make the following hypothesis. 

Assumption 4.1. We assume that is a sequenee of elements from Oe{B) converging to 

£ Oe{B) in the sense of Provosition [Q] (i)-(vi), where e and B are as in Provosition \8.1\ 

Remark 4.2. Note that in this section, the proofs are based on the results of Theorem \8.2l so we 
only need to assume Points (ii) and (v) of Provosition Un\ in the Assumption ^. 1\ (see Remark \8.8\} . 

Definition 4.3. Let f, {fi)ien : E ^ F be some continuous maps between two metric spaces. 
We say that {fi)i^^ diagonally converges to f if for any sequence {ti)i^^ converging to t in E, the 
sequence (/i(ti))igN converges to f{t) in F. 

Remark 4.4. Note that the uniform convergence implies the diagonal convergence implying itself 
the pointwise convergence. Conversely, any sequence of equi-continuous maps converging pointwise 
is diagonally convergent. Moreover, from the Arzela-Ascoli Theorem, it is uniformly convergent if 
in addition, it is uniformly bounded. 

The section is organized as follows. First, we recall the basic notions related to the geometry 
of hypersurfaces. Then, we study the continuity of functionals which depend on the position and 
the normal. Next, we consider linear functionals in the scalar mean curvature. Finally, we treat 
the case of the Gaussian curvature in and we prove in R” the following continuity result. 

Theorem 4.5. Let e,B,Q, (Hi)igN be as in Assumption ^. 1\ We consider some continuous maps 
j\jl : R" X ^ R such that each sequence Is uniformly bounded on B X and 

diagonally converges to for any I £ {0,..., n — 1}. Then, the following functional is continuous: 


n—1 

j{dn,) :=Y, 

1=0 • 


dfli 


E - 


.d^i 


(x)... (x) 


jI [- 




(x)] dA{x) —J(9f2), 


2^+00 


where Ki, ... Kn-i are the principal curvatures, n the unit outer normal field to the hypersurface, 
and where the integration is done with respect to the (n — 1)-dimensional Hausdorff measure A(.). 

Remark 4.6. In the specific case of compact -hyper surf aces, note that the above theorem is 

stronger than Federer’s one on sets of positive reach M Theorem 5.9]. Indeed, in Theorem 
taking jl(K,n{x)) =y(x) yields to the convergence of the curvature measures associated with dili 
to the ones of dLl in the sense of Radon measures. 
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4.1 On the geometry of hypersurfaces with C^’^-regularity 

Let us consider a non-empty compact C^’^-hypersurface S C K”. Merely speaking, for any point 
Xq € S, there exists > 0, Oxq > 0, and a unit vector dxo such that in the cylinder defined by: 

Cr-xo.axo(xo) = {X € K”, | (x - Xq | dxo)| < Uxo and ||(x-Xo) - (x - Xq | dxo)dxJ| < Txq } , 

( 20 ) 

the hypersurface S is the graph of a C^’^-map. Introducing the orthogonal projection on the aliine 
hyperplane Xq + d^^: 

Hxo : R” —^ xo -f d^ , - 

X I —X- (x-xo I dxo)dxo, ^ 

and considering the set Dr^^{xQ) = nxo(Cr,,g,axo (xq)), this means that there exists a continuously 
differentiable map <pxo ■ x' € Dr^^ixo) i—> s] — axo,axo[ such that its gradient V(/3xo and 

(/3xo are Lx(,-Lipschitz continuous maps, and such that: 

*5 n (xo) = {x' -f (/?xo(x')dxo, x' £ (xq)}. 

Hence, we can introduce the local parametrization: 

^Xo • Dr^ai^o) ^ LI (xq) 

x' I—^ x'-f </Jxo(x')dxo 

and 5 is a C^L-Jiypersurface in the sense of [12 Definition 2.2]. Indeed, Xxo is an homeomorphism, 
its inverse map is the restriction of Hxo to and X^g is an immersion of class 

We usually drop the dependence in Xp to lighten the notation, and consider a direct orthonormal 
frame (xp, Hxq, dxo) where is a basis of d^^. In this local frame, the point Xp is identified with 
the zero vector 0 S R", the afhne hyperplane Xp + d^^ with and Xp + Rdxo with R. Hence, 

the cylinder Crxo,Oxo(xp) becomes Dr(0')x] — a,a[, is the C^’^-uisip ip : Dr{0') —>•] — a, a[, 
the projection Hxq is X~^ : (x',Xn) >—>■ x', and the parametrization X^g becomes the C^'^-m.a.p 
X : x' € Dr{0') I—>■ (x',i^(x')) G 5n (Dr(O')x] — a,a[). In this setting, 5 is a C^L-Jiypei-gui-face in 
the sense of Definition 12.111 


Since x' G Dr{0') D^’X is injective, the vectors diX, ..., dn-iX are linearly independent. 
For any point x G 5n(Dr(0')x] — a, a[), we define the tangent hyperplane T^S by Dx-i(x)-^(R"~^)- 
It is an (n — I)-dimensional vector space so {diX, ..dn-iX) forms a basis of T^S. However, 
this basis is not necessarily orthonormal. Consequently, the first fundamental form of 5 at x is 
dehned as the restriction of the usual scalar product in R" to the tangent hyperplane T^S, i.e. 
as I(x) : (v,w) G T^S x T^S H> (v | w). In the basis {diX,... ,dn-iX), it is represented by a 
positive-dehnite symmetric matrix usually referred to as (5ij)i^i,j^n-i and its inverse denoted by 
is also explicitly given in this case: 


gij = {diX I djX) = Sij + dipdjp, 


dipdjp 


1 + I|V^|| 2 - 


( 22 ) 

(23) 


As a function of x', note that each coefficient of these two matrices is Lipschitz continuous so 
it is a IF^’°°-map [141 Section 4.2.3], and from Rademacher’s Theorem [HI Section 3.1.2], its 
differential exists almost everywhere. Moreover, any v G T^S can be decomposed in the basis 
{diX,... ,dn-iX). Denoting by Vi the component of diX and = (v | diX), we have: 


n—1 


V = ^ VAX 


Vj = 


n—1 




n—1 

= E 




'n-l 


^^X. (24) 


In particular, we deduce I(v, w) = X)r7=i Then, the orthogonal of the tangent hyperplane 

is one dimensional. Hence, there exists a unique unit vector n orthogonal to the (n — 1) vectors 
diX, ..., dn-iX and pointing outwards the inner domain of S i.e. det(9iX, ..., dn-iX,ri) > 0. 
It is called the unit outer normal to the hypersurface and we have its explicit expression: 


Vx'G Dr(O'), noX(x') 


1 

v'l + ||Vv.(xO ||2 


-V^(x') ^ 
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It is a Lipschitz continuous map, like the coefficients of the first fundamental form. In particular, 
it is differentiable almost everywhere and introducing the Gauss map n : x £ 5 i—>■ n(x) £ 
we can compute its differential almost everywhere called the Weingarten map: 

D^n : T^S = o X)(R2) 

V = Dj^-i(x)X(w) I—Hxn(v) = £)x-i(x)(noX)(w). ^ 

Note that Tn(x)S”“^ = Djf-i(x)(n o df)(K^) because n o X is a Lipschitz parametrization of 
Since can be identified with T^S, the map is an endomorphism of T^S. 

Moreover, one can prove it is self-adjoint so it can be diagonalized to obtain n — 1 eigenvalues 
denoted by ki(x), ..., k„_i(x) and called the principal curvatures. Recall that the eigenvalues of 
an endomorphism do not depend on the chosen basis and thus are really properties of the operator. 
This assertion also holds for the coefficients of the characteristic polynomial associated with 
so we can introduce them: 

VI £ {0, ...,n-1}, ^ «:„! (x) (x). (27) 

In particular, = 1, = H is called the scalar mean curvature, and = K refers to 

the Gaussian curvature: 


H{x.) = Ki{x) + ... + Kn-i{x) and Rr(x) = ki ( x )«: 2 ( x ) ... k „_ i ( x ). (28) 

Moreover, introducing the symmetric matrix defined by: 

h, = -{Dn{d,X) I d,X) = - (a,(n o X) \ d,X) = = (n o X | d,,X) , (29) 

vi + llwlr 

we get from (j24ll that the Weingarten map Dn is represented in the local basis {diX, ..., dn-iX) 
by the following symmetric matrix: 


n— 1 


n—1 


(^^J)ls:^.J^n-l = ( “ X! 1 = ( “ X! ( “ I 


k=l 


fc=l 


diipdjifi 


dkj^ 


I|V(^||V x^TTWWJ' 


(30) 


Finally, we introduce the symmetric bilinear form whose representation in the local basis is (bij). 
It is called the second fundamental form of the hypersurface and it is defined by: 


II(x) : Tx(5) X Tx(5) 
(v,w) 


(-L>xn(v) 


f) = ^ g'^^Vjg^’-wibii = ^ g'^VjVkhki- 


(31) 




i,j,k=l 


We can also decompose dijX in the basis {diX,... ,dn-iX,n) and its coefficients in the tangent 
space are the Christoffel symbols: 


n—1 

dijX = ^ r^jdkX + bijn 

k^l 

Note that the Ghristoffel symbols are symmetric with respect to the lower indices: Ff^ = F^j. They 
can be expressed only in terms of coefficients of the first fundamental form: 

- n—1 

= 2 XI + d^gij - di9ij) ■ (32) 

Like the first fundamental form, it is an intrinsic notion, which in particular do not depend on the 
orientation chosen for the hypersurface, while the Gauss map, the Weingarten map, and the second 
fundamental form does. Note that in local coordinates, the coefficients of the first fundamental 
form and the Gauss map are Lipschitz continuous functions i.e. no X,gij,g^^ £ IF^’°“(Dr(0')). 
Hence, the Ghristoffel symbols, the Weingarten map and the coefficients of the second fundamental 
form exist almost everywhere and T^j,bij,hij £ L°°{Dr{0')). Furthermore, one can prove that a 
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C^’^-hypersurface satisfies the following relations in the sense of distributions, respectively called 
the Gauss and Codazzi-Mainardi equations: 

n—1 n—1 

^ (r-r^ - T^rt,) = ^ - hM 

m —1 m —1 

n —1 

dkbij — djbik = ikbij ~ ^ijbik) ■ 

1=1 

In fact, the converse statement is also true in R^: these equations characterize uniquely a surface 
and it is referred as the Fundamental Theorem of Surface Theory, valid with C^’^-regularity |28) . 
Given a simply-connected open subset a; C M^, a symmetric positive-definite matrix S 

W^'°°{u!) and a symmetric matrix G L°°{uj) satisfying (PI and (|M| in the sense of 

distributions, then there exists an injective C^’^-immersion X : uj ^ M^, unique up to proper 
isometries of M^, such that the surface S := X{u!) has and (bij) as coefficients of the first 
and second fundamental forms. To conclude, we recall that A(.) (respectively I^(.)) refers to the 
n— l(resp. n)-dimensional Hausdorff measure. The integration is always be done with respect to A 
and the infinitesimal area element is given by {dAo X){x') = y^det{gij)dx' = -|- || V(/j(x')Pdx'. 

We refer to uni El] for a more detailed exposition on all the notions quickly introduced here. 

4.2 Geometric functionals involving the position and the normal 

Proposition 4.7. Under assumption \4.1[ for any continuous map j : R" x —>• R, we have: 

lim / j [x, n (x)] dA (x) = j [x, n (x)] dA (x). 

JdQi Jdn 

In particular, the area and the volume are continuous: A{dVLi) —> 4(917) and V{ULi) —> I^(f7). 

Remark 4.8. Note that the above result states the convergence of (9f7i)jeN to dfl in the sense 
of oriented varifolds Q Appendix Bj ^38^ . Similar results were obtained in Moreover, the 

continuity of volume and the lower semi-continuity of area were already implied by the convergence 
in the sense of characteristic functions (Point (vi) in Provosition \3. 1\) ]2‘A Proposition 2.3.6]. 

Proof. Consider Assumption 14.11 Hence, from Theorem 13.21 the boundaries (9f2diGN are locally 
parametrized by graphs of C^’^-maps ipi that converge strongly in and weakly-star in W'^’°° 
to the map (p associated with 917. We now detail the procedure which allows to pass from this 
local result to the global one thanks to a suitable partition of unity. For any x G 9f7, we introduce 
the cylinder Cf^e(x) defined by (EUl) and we assume that f > 0 is the one given in Theorem 13.21 
In particular, it only depends on e. Since 917 is compact, there exists a finite number K ^ 1 of 
points written Xi,... ,Xfc, such that 917 C e (x^). We set 6 = min(|, |) > 0. From the 

triangle inequality, the tubular neighbourhood V5(90) = {y g R", d(y,917) < 6} has its closure 
embedded in Cf^ei^k)- Then, we can introduce a partition of unity on this set. There exists 
K non-negative C'°°-maps with compact support in Cf^ei'^k) and such that = 1 

for any point x G 12^(917). Now, we can apply Theorem 13.21 to the K points x^. There exists K 
integers /fc G N and some maps p'] : Df{xk) i—>■] — £,e[, with i ^ Ik and K ^ k ^ 1, such that: 

9f7i nCf,e(Xfc) = {{x',ip']{x')), x' G I)f(Xfc)} 

= {(x',a:„), x'G Df{xk) and - e < (x')}. 

Moreover, the K sequences of functions and converge uniformly on Dfix^) 

respectively to the maps pA and VpA associated with 9r7 at each point x^. From the Hausdorff 
convergence of the boundaries (Point (ii) in Proposition 13.11) . there also exists Iq S N such that 
for any integer i ^ Iq, we have 917^ G 12^(917). Hence, we set I = maxg^fc^ic/fc, which thus only 


(33) 

(34) 
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depends on (Oi)igp}, and e. Then, we deduce that for any integer i ^ I, we have: 


J{dni) := ( j [x, n (x)] dA(x) = [ j [x, n (x)] d^(x) 

JdQi JdninVsidQ) 

K 


K 


ld0.i 


j[x,n(x)]dA(x) = ^ 


\k^l 


K 


= E /, f 




X 

]J 


(x') 


X 

r.k I 5 


‘^f(x') 


J 9f2inCr,e(xfc) 

-Vy?(x') 
V^l+||VvpJ(x')|P 
Vl+||VvP,"(x')|P 


e"-(x)j[x,n(x)]dA(x) 


^1 + ||V<pf (xO Pdx' 


The last equality comes from |321 Proposition 5.13] and Relation (l25)l . The uniform convergence of 
the K sequences and on the compact set Df{xk) combined with the continuity of j 

and {^^)i^k^K allows one to let i —>■ oo in the above expression. Observing that the limit expression 
obtained is equal to J{dfl), we proved that the functional J is continuous. Finally, for the area, take 
j = 1 and for the volume, applying the Divergence Theorem, take _ 7 [x, n(x)] = i(x | n(x)). □ 

Proposition 4.9. Consider Assumption ED and some continuous maps j,ji : R" x S" ^ ^ M 

such that is uniformly bounded on B X S"“^ and diagonally converges to j in the sense of 

Definition\4.3\ Then, we have: 


lim / j, [x, n (x)] dA (x) = j [x, n (x)] dA (x). 

JdQi Jon 

Proof The proof is identical to the one of Proposition 14.71 Using the same partition of unity and 
the same notation, we get that ji[x, n(x)](iA(x) is equal to: 


E 


I Df{xk) 


e 



x' 

^f(x') 


v'l + ||Vv^(x')|P 


\/l + (x') Pdx'. 


Then, instead of using the uniform convergence of each integrand on a compact set as it is the case 
in Proposition 14.71 we apply instead Lebesgue’s Dominated Convergence Theorem. Indeed, the 
diagonal convergence ensures the pointwise convergence of each integrand, which are also, using 
the other hypothesis, uniformly bounded. Hence, we can let i —>■ +oo in the above expression. □ 

Definition 4.10. Let S, Si be some non-empty compact -hypersurfaces o/M" such that (iSi)igN 
converges to S for the Hausdorff distance: dniSi, S) —0. On each hypersurface Si, we also 
consider a continuous vector field : x £ 5^ i—>■ Vi(x) £ T^Si. We say that (Vi)igr^ is diagonally 
converging to a vector field on S denoted by 'V : x £ 5 V (x) £ T^S if for for any point x £ 5 
and for any sequence of points x^ £ Si that converges to x, we have ||Vi(xi) — V(x)|| — 0. 

Corollary 4.11. Let e, B, D, be as in Assumption \4-.l\ and consider some continuous vector 

fields Vi on dVLi converging to a continuous vector field V on dLl as in Definition \4-.10\ We also 
assume that (Vi)igp^ is uniformly bounded. Considering a continuous map j : M" x x R” —>■ R, 
then we have: 


lim f j[x,n(x),Vj(x)]dH(x) = / j [x, n (x), V (x)] dH(x). 

JdQi Jan 

Of course, this continuity result can be extended to a finite number of vector fields. 

Proof. We only have to check that the maps ji : (x, u) £ dLli x —>■ j[x, u, Vi(x)] can be 

extended to M" x S"“^ such that their extension satisfy the hypothesis of Proposition [1^ This is 
a standard procedure [221 Section 5.4.1]. Using the partition of unity given in Proposition 14.71 and 
introducing the C^’^-diffeomorphisms 'kf : (x',x„) £ Cr,e(xk) {x.',ip^{x') — x„), we can set: 


K 


V(x, u) £ R"x§-i, j-(x, u) = ^ e"(x)j [(4/,")-' o n,, o (x), u, V, o (vk,") 


k\-l 


Ollxfc O 




k^l 
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We recall that IIxs, is defined by (I?T]| . Finally, (ji)igN diagonally converges to the extension of 
(x, u) i- 7 > j[x, u,V(x)], since (Vi)igN is diagonally converging to V. Moreover, C B, the 

Gauss map is always valued in and (Fi)igN is uniformly bounded. Hence, (x, nani(x), Vi(x)) 

is valued in a compact set. Since j is continuous on this compact set, it is bounded and is 

thus uniformly bounded on H x Finally, we can apply Proposition 14.HI to let i —>■ +oo. □ 


4.3 Some linear functionals involving the second fundamental form 

From Theorem 13.21 we only have the L'^-weak-star convergence of the coefficients associated with 
the Hessian of the local maps so we consider here the case of functionals whose expressions in 
the parametrization are linear in dpqip^. This is the case for the scalar mean curvature and the 
second fundamental form of two vector fields. 

Proposition 4.12. Consider Assumption ED and a continuous map j : R” X §” ^ R. Then, 
the following functional is continuous: 


lim [ H (x) j [x, n (x)] dA (x) = / H (x) j [x, n (x)] dA (x). 

Jd0.i Jon 

Proof. The proof is identical to the one of Proposition l4.7l Using the same notation and the same 
partition of unity, we have to check that in the parametrization X'f : x' S D,-(xfc) i—>■ (x', 
the scalar mean curvature L°°-weakly-star converges. It is the trace (1^51) of the Weingarten map 
defined by (1^ so Relation (|Hn]l gives: 


n—1 

{HoXt) = - Y, /V = - 

P, 9 =l 


n—1 

E 

p,q=l 



j dpq(p!] 1 


W1 + II^‘^"IIV 


(35) 


Using Theorem l3.21 the K sequences {HoX^)i^fi weakly-star converge in L°°{Df{xk)) respectively 
to H o X^. The remaining part of each integrand below uniformly converges to the one of dO, so 
we can let i —> -foo inside: 


{H o X'f){-s!){e o Xf )(x')j[Xf (x'), (n o )(x')](dd o )(x'), 

'r(xfc) 

to get the limit asserted in Proposition 14.121 □ 

Corollary 4.13. Consider Assumption \4.1\ and a continuous map j : M” X S" ^ x R —>■ R which 
is convex in its last variable. Then, we have: 



[ j [x, n (x), (x)] dA (x) < lim inf [ j [x, n (x), iJ (x)] dA (x). 

JdQ *-*- 1-00 

Remark 4.14. In particular, this result implies that the Helfrich and Willmore functionals © 
are lower semi-continuous, and so does the p-th power norm of mean curvature J \H\PdA, p ^ 1. 
Note that we are able to treat the critical casep = 1, while it is often excluded from many statements 
of geometric measure theory Example 4-1] Definition 2.2] J241 Definition 4-1.2]. 

Proof. The arguments are standard m Theorem 2.2.1]. We only sketch the proof. First, assume 
that j is the maximum of finitely many affine functions according to its last variable: 

Vt € R, jigc, n(x), t) = ^max ji [x, n(x)] t ji [x, n(x)] . (36) 

For simplicity, let us assume that j only depends on the position. Using a partition of unity as in 
Proposition 14.71 we introduce the local parametrizations X'^ : x' £ Df{xk) i—>■ (x', (/j^(x')) and we 
make a partition of the set Df{x.k) into L disjoints sets. We define for any I £ {1,... L}: 

Df = {x' £ J [X" (x'), {H o X>^) (x')] = Ji [X>^ (x')] H [X'^ (x')] + Ji [X>^ (x')] } . 
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Then, applying Proposition 14. 121 and following |121 below (2.9)], we have successively: 



i7(x)]dA(x) 



oX'^)]{dAoX’^) 


= ttL {ji[X'^]H[X'^]+ji[X'^]){dAoX^) 

k=i 1=1 



{ji[X^]H[X^]+MX^]){dAoX^) 




K L 

lim inf 
^ 2 —>- + 00 

fc=lZ =1 



j[X^,{HoX^)]idAoX^) 


^ liminf / j[x,i7(x)]d^(x). 

i-S- + 00 JgQ. 

The result holds for maps j that are maximum of finitely many planes. In the general case, we write 
j = limi_>.+oo JL where Jl is defined by (1361) and apply the Monotone Convergence Theorem. □ 

Proposition 4.15. Consider Assumptio n \ 4A\ and some continuous maps j,ji : R" x —>■ M. 

such that (ji)zGN is uniformly bounded on B X S"“^ and diagonally converges to j in the sense of 
Definition \4.3\ Then, the following functional is continuous: 

lim [ H (x) ji [x, n (x)] dA (x) = / H (x) j [x, n (x)] dA (x). 

JdQi Jon 

Remark 4.16. As in Corollary \4A1\ we can consider here that ji is a continuous map of the 
position, the normal, and a finite number of uniformly bounded vector fields diagonally converging 
in the sense of Definition 

Proof The proof is identical to the one of Proposition 14.121 Writing the functional in terms of 
local parametrizations, it remains to check that we can let i —>■ +cx) in each integral. From (1351) . 
{H o Xf)i^fi weakly-star converges in L°°{Df{0')) to H o X^, while the remaining part of the 
integrand is strongly converging in L^{Df{0')), since the hypothesis allows one to apply Lebesgue’s 
Dominated Convergence Theorem. Hence, the functional is continuous. □ 

Proposition 4.17. Consider Assumption ^. l\ and some uniformly bounded continuous vector fields 
Vi and Wi on dfli that are diagonally converging to continuous vector fields V and W on dfl in 
the sense of Definitio n ^ 4 A 0\ Let j,ji : R” x > R 6e continuous maps such that (ji)iGN is 

uniformly bounded on B x and diagonally converges to j as in Definition \4.S\ Then, we have: 

lim [ II(x)[Vj(x),W*(x)]ji[x,n(x)]dH(x) = / II (x) [V (x), W (x)] j [x, n (x)] dH (x). 

Remark 4.18. Note that if ji = j for any i G N, then the above assertion states that a functional 
which is linear in the second fundamental form is continuous. Hence, using the same arguments 
than in Corollary \4.il3[ any functional whose integrand is a continuous map of the position, the 
normal, and the second fundamental form, convex in its last variable, is lower semi-continuous. 

Proof. We write the integral in terms of local parametrizations and check that we can let i —>■ -|-c». 
In the local basis {diXf ,..., dn-iXf), using ([HI]), the second fundamental form takes the form: 

n—1 

(II o Vf) (V, o Xl W, o X'f) = ^ (V, o Xf I d^X^) gP%,r 9 ^^ (W, o Xf | d^X^) . 

p,q,r,s=l 

Hence, each integrand is the product of g^'^bqrg^‘’ with a remaining term. Using the assumptions, 
the convergence results of Theorem l3.21 and Lebesgue’s Dominated Convergence Theorem, we get 
that g^'^bqrg^^ weakly-star converges in L°°, while the remaining term L^-strongly converges. □ 
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4.4 Some non-linear functionals involving the second fundamental form 

All the previous continuity results were obtained by expressing the integrals in the parametrizations 
associated with a suitable partition of unity, and by observing that each integrand is the product of 
bpq converging L'^-weakly-star with a remaining term converging L^-strongly. We are wondering 
here if a non-linear function such as the determinant of the {bpq) can also L'^-weakly-star converge. 
Note that the convergence is in L°° and not in so we cannot use e.g. [131 Section 8.2.4.b]. 

However, the coefficients of the first and second fundamental forms are not random coefficients. 
They characterize the hypersurfaces through the Gauss-Codazzi-Mainardi equations (1331) and (1331) . 
Hence, using the differential structure of these equations, we want to obtain the L'^-weak-star 
convergence of non-linear functions of the bpq. This is done by considering a generalization of the 
Div-Curl Lemma due to Tartar. We refer to m Section 5.5] for references and it states as follows. 

Proposition 4.19 (Tartar 1979). Let n ^ 3 and U C K" ^ be open and bounded with smooth 
boundary. Let us consider a sequence of maps (ui)iGN weakly-star converging to u in K^), 

M ^ 1, and a continuous functional F : —>■ R such that (T'(ui))iGN is weakly-star converging 

in R). Let us suppose we are given P first-order constant coefficient differential operators 

■= EgZl Em=l afngdqVm SO that the sequences in a compact subset of H ^{Lf). 

We also assume that (ui)iGN 'is almost everywhere valued in K for some given compact set K C R^. 
We introduce the following wave cone: 

{ n—1 M 

I 3AiGR'‘-^{0'},Vp G {!,... P}, ^ ^ = 0 

q—1 m—1 

If F is a quadratic form and F = 0 on A, then the weak-star limit of (P(Mi))iGN is F{u). 

We now treat the case of to get familiar with the notation and observe how ProDOsition l4.19l 
can be used here to obtain the P'^-weak-star convergence of the Gaussian curvature K = kiK 2 . Let 
n = 3, U = D.rfx.k), and Ui : x' {bpq) G defined by (l29ll with : x' (x', (p^{x')) G dfli. 
First, we show that the assumptions of Proposition 14. 191 are satisfied. From Theorem 13.21 (ui)igN 
P°“(f/)-weakly-star converges to u and it is uniformly bounded so it is valued in a compact set. 
Moreover, in the case n = 3, there are only two Codazzi-Mainardi equations (1331) : 

dibi2 — d2bii = (r}]^5i2 — r)2feii) + (riib22 — I'f2b2l) 

dib22 — d2b21 = {L2ibi2 — r22^1l) + (r2i522 — r22^2l) • 

Hence, the two differential operators A^Ui := dibi 2 — (? 2 fcii and A^Ui := dib 22 — (^ 2^)21 are valued 
and uniformly bounded in L°°{U), which is compactly embedded in H~^{U) (Rellich-Kondrachov 
Embedding Theorem), so we deduce that up to a subsequence, (A^Ui)igN and lies in a 

compact subset of H~^{U). Let us now have a look at the wave cone: 

A = "I ^ ^GR^ /riAi 2 — /r 2 Aii = 0 and ( 11 X 22 — (I 2 X 21 = ol . 

Remark 4.20. The wave cone A is the set of (2 x 2)-matrices with zero determinant. 

Gonsequently, if we want to apply Proposition 14.191 on a quadratic form in the 6^^, we get 
from Remark 14.201 that the determinant is one possibility. Indeed, if we set F{ui) = det(ui), then 
F is quadratic and F{X) = 0 for any A G A. Since {F{ui))i^fi is uniformly bounded in L°°{U), 
up to a subsequence, it is converging and applying Proposition 14. 191 the limit is F{u). This also 
proves that F{u) is the unique limit of any converging subsequence. Hence, the whole sequence is 
converging to F{u) and we are now in position to prove the following result. 

Proposition 4.21. Consider Assumption \4.1\ and some continuous maps j,ji : R^ x > R such 
that (ji)ieN is uniformly bounded on B x and diagonally converges to j as in Definition \4.A 
Then, we have (note that Remarks \4.1b] and \4.18\ also hold here): 

lim / K (x) ji [x, n (x)] dA (x) = / K (x) j [x, n (x)] dA (x). 

j^+OO Jg^ 

In particular, the genus is continuous: genus(9Hi) —genus(i9H). 
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Proof. As in the proof of Proposition 14.71 we can express the functional in the parametrizations 
associated with the partition of unity. Then, we have to check we can let i —>■ +oo in each integral. 
Note that K is the determinant (051) of the Weingarten map (051) so we get from (OUl) : 

KoX^ = det{h) = det{-g-^b) = 

From the foregoing and the uniform convergence of {grs), we get that the sequences {K o 
converge L'^-weakly-star respectively to AT o whereas the remaining term in the integrand 
is L^-strongly converging using the hypothesis and Lebesgue’s Dominated Convergence Theorem. 
Hence, we can let i —?► +c» and Proposition 14.211 holds. Finally, concerning the genus, we apply 
the Gauss-Bonnet Theorem KdA = 47r(l — gi) — KdA = 47r(l — g). □ 

We now establish the equivalent of Proposition 14.211 in R". First, instead of working with 
the coefficients (6pq) of the second fundamental form (1551) . we prefer to work with the ones {hpq) 
representing the Weingarten map. We set n > 3, U = Df{xk), and Ui : x' £ U {hpq) G 
defined by (|30l) in the local parametrizations X^ : x' G U i—> (x', (p^(x')) G dfii introduced in 
the proof of Proposition 14.71 Then, we check that the hypothesis of Proposition 14. 191 are satisfied. 
From Theorem l3.21 (ui)igN weakly-star converges to u in L°°{U) and it is uniformly bounded so it 
is valued in a compact set. Using the Codazzi-Mainardi equations (l34)) . the differential operators: 

n—1 n—1 

dq'hpq - dqhpq, = ^ {{dq'g'^'^)bmq “ {dqg^'^)bmq') + ^ 5 ^™ {dq'bmq “ Oqbmq') , 

m—1 m—1 

are valued and uniformly bounded in L°°{U), which is compactly embedded in H~^{U) (Rellich- 
Kondrachov Embedding Theorem), so up to a subsequence, they lies in a compact set of H~^{U). 
Finally, we introduce the wave cone of Proposition 14. 191 

Definition 4.22. A pth-order minor of a square {n — 1)^-matrix M is the determinant of any 
{p X p)-matrix M[I, J] formed by the coeffieients of M corresponding to rows with index in I and 
columns with index in J, where /, J C {1,..., n — 1} have p elements i.e. jj/ = (j J = p. 

Remark 4.23. The wave cone A is the set of square (n — 1)^-matrices of rank zero or one. In 
particular, any minor of order two is zero for such matrices. 

Consequently, Remark l4. 231 combined with Proposition ^. 191 tells us that continuous functionals 
are given by the ones whose expressions in the local parametrizations (cf. proof of Proposition l4.7l) 
are linear in terms of the form hpqhpiqi — hpq/hp/q. However, such terms depend on the partition 
of unity and on the parametrizations i.e. on the chosen basis {diX^,..., dn-\X^) whereas the 
integrand of the functional cannot. We now give three applications for which it is the case. 

Proposition 4.24. Consider Assumption .ED and some continuous maps j, ji : R" x S" ^ R 
so that (ji)ieN is uniformly bounded on B x and diagonally converges to j in the sense of 

Definition \4.d\ Then, introducing = X]i<p<q<n-i defined in (EZD, we have: 

lim f (x) ji [x, n (x)] dA (x) = [ (x) j [x, n (x)] dA (x). 

i->+00 

Note that Remarks o and \4.1^ also hold for this functional. 

Proof. First, using the notation of Definition 14.221 note that the characteristic polynomial of {hpq), 
which is the matrix O representing the Weingarten map (j26l) in the basis (9iXf, .. .9„_iXf), 
can be expressed as: 


n— 1 


P{t) = det {h - = (-l)"r + ^ (-1)"— I ^ det(h[/, /]) I t” 

, itZ=m 
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but we can also represent the Weingarten map in the basis associated with the principal curvatures: 


n—1 


n—1 


Pit) = n ° - 0 = E (-i)”-’" ° 


m—O 


Since each coefficients of the characteristic polynomial do not depend on the chosen basis, we get: 


Vm e {0,..., n — 1}, 


^ det{h[I,I]). 

tt/=m 


(37) 


If we set F{X) = X)it /=2 det(A[/, /]), then F is quadratic and from Remark l4.23l we get F{X) = 0 for 
any A G A. Since {F{ui))i^fi is uniformly bounded in L°°{U), up to a subsequence, it is converging 
and applying Proposition 14.151 the limit is F{u), unique limit of any converging subsequence so 
the whole sequence is converging to F{u). Using (1571) . we get that the sequences o 
converge L°°-weakly-star respectively to o whereas the remaining term in the integrand 
is L^-strongly converging using the hypothesis and Lebesgue’s Dominated Convergence Theorem. 
Hence, we can let i —>■ +oo and the functional is continuous. □ 


Corollary 4.25. Considering Assumption \4.1\ a continuous map j : R” x x R —>■ R convex 
in its last variable, and the (Frobenius) L^-norm ||Zlxn ||2 = trace(iAxn o = (X)m=i 

of the Weingarten map dMl), we have: 


I on 


j [x,n(x), IlDxnll^] dA(x) < liminf [ j [x, n (x), ||Dxn|| 2 ] dA (x). 

JdQi 


In particular, the pth-power of the Lf-norm of the second fundamental form f IjllH^dA, p ^ 2 is 
lower semi-continuous. 

Proof. First, assume that j is linear in its last argument. Note that the Frobenius norm ||.||2 does 
not depend on the chosen basis so we can consider the one associated with the principal curvatures, 
and we get ||Dn||^ = X)Ei = (LlE “ Dp/g Hence, there exists a 


continuous map j : R" x S” 




such that j[x, n(x), ||iAxn|||]dA(x) is equal to: 


/ (x) 3 [x, n (x)] dA (x) - 2 / (x) j [x, n (x)] dA (x). 

IdQi JdQi 


In the left term, the integrand is convex in H so Corollary 14.131 furnishes its lower semi-continuity. 
Concerning the right one, apply Proposition 14.241 to get its continuity. Therefore, the functional is 
lower semi-continuous if j is linear in its last variable. Then, we can apply the standard procedure 
[T2l Theorem 2.2.1] described in Corollary 14 .1 31 to get the same result in the general case. Finally, 
||II(x )||2 = ||Dxn ||2 and ii p ^ 2, 1t^ is convex thus f IjllH^dA is lower semi-continuous. □ 

Proposition 4.26. Consider Assumption \4. 1[ some continuous maps j,ji : R” x —>■ R such 

that (ji)iGN uniformly bounded on B x and diagonally converges to j as in Definition \4-.cl[ 

and some vector fields and on dfli uniformly bounded and diagonally converging to vector 
fields V and W on dn in the sense of Definition \4.n\ Then, the following functional is continuous 
(note that Remarks \4.16\ and \4.18\ also hold here): 

J{dni)= f (Dxn[Vi(x)] I Dxn [Wi (x)] - F(x) Wi (x)) ji [x, n(x)] dA(x) —s> J (dn). 

Jan, 

Proof. Again, the idea is to check that the expression of the functional in the parametrization is 
linear in a term of the form bpqbpiqi — bpqibpiqi. First, the linear term can be expressed as: 

n—1 


n—1 

E 

p,p' ,p”—l q,q' ,q'’' —1 


(V. o I dqX^) g^<igp<i' ibq,pbp^^p, - bq.p,bpp^^ ) (W, O X^ \ Xf) 


Note that until now, in Section 01 we never used the fact that (gpq), {g^^), (bpq) or (hpg) are 
symmetric matrices. Here, let us invert the two indices bpp” = bp”p in the above expression. Then, 
bq'pbp^^pi — bq'p'bp”p is L°°-weakly-star converging. Indeed, as we did for (hpq), we can use the 
Codazzi-Mainardi equations (IMl) and Remark 14.231 to apply Proposition 14.191 on {bpq). Finally, 
the hypothesis and the convergence results of Theorem 13.21 gives the L^-strong convergence of the 
remaining term so we can let i -a- +oo in each integral and the functional is continuous. □ 
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Note that until now, in Section l4^ we only used the Codazzi-Mainardi equations ((34l) . We want 
here to use the Gauss equations (1331) because from the foregoing, its right member is L°“-weakly- 
star converging. For this purpose, we need to introduce some concepts of Riemannian geometry 
which are beyond the scope of the article. Hence, we refer to m for precise definitions. Merely 
speaking, the Riemann curvature tensor i? of a Riemannian manifold measures the extend to which 
the first fundamental form is not locally isometric to a Euclidean space, i.e. the noncommutativity 
of the covariant derivative. In the basis {diX, ..., dn-iX), it has the following representation [HI 
Section 2.6]: 

n—1 n—1 

ryk _ \ ^ r^km TD . . _ f) _i_ \ ^ f j^m-pk rnm-pfc \ 

^ 9 ^mjli ij Ojl j^i -\- ^ ^ ^ ilk fjijj 5 

m—1 m=l 

where the Christoffels symbols were defined in (1321) . Hence, the Gauss equations (IMll state 
that in the local parametrization, the Riemann curvature tensor is given by: 

n—1 

= E 3 ''™ - bubmj), 

m—1 

which is thus L°°-weakly-star converging, and so does the Ricci cnrvatnre tensor mi Section 3.3] 
Ricij = YUkli R-ikj scalar curvature 93 = Hence, the following result holds. 

Proposition 4.27. Consider Assumption \4-. 1\ some continuous maps j,ji : R" x —>■ R such 

that (ji)iGN uniformly bounded on B x and diagonally converges to j as in Definition \4-.cl[ 

and some vector fields T^, Ui, V^, on dfli uniformly hounded and diagonally converging to vector 
fields T, U, V, W on dn in the sense of Definition \4. n]\ Then, the three following functionals are 
continuous (note that Remarks\4-lb] and\4-.18\ also hold here): 


J{dVLi)= [ (i?x [T, (x), Ui (x)] Vi (x) I Wi(x))ji[x, n(x)]dH(x) —s> J (5H) 

JdQi i-i+oo 

< J'{dVti)=[ RiCx[Vi(x),Wi(x)]ji[x, n(x)](iH(x) — J'{dft) 

JdVli 1-S-+00 

J” (9Hi) = [ 93 (x) ji [x, n (x)] dA (x) —J” (9H) 

JdQi 1^+00 

Proof. The proof is same than previous ones. Write the functional in the local parametrizations, 
and observe that it is a hnite snm of integrals whose integrand is the product of a L°“-weakly-star 
converging term, while the other one is converging L^-strongly so we can let i —> + 00 . □ 

Note that in the case u = 3, the scalar curvature 93 is twice the Gaussian curvature K = kiK 2 . 
Hence, the continuity of the last functional above is the generalization of Proposition 14.211 to R", 
n > 3, which was the task of the subsection. We conclude by proving Theorem 03] 

Proof of Theorem \ 4.5\ Using Proposition 001] and (|34|1 . we showed how to get the L°“-weakly- 
star convergence of any h[pp', qq'] := hpqhpigi — hpq/hpfq from the one of {hpq) defined in (13011 . Now, 
we want to apply Proposition 14.19] to {h[pp)qq']). For this purpose, we need to find differential 
operators which are valued and uniformly bounded in L°°. Using (IMll . this is the case for: 


dq 

^pq 

hp'q 

dq. 

hpq' 

hp'q' 


hpq’’’’ 

hp'q" 


dqh[pp) q'q”] - dq,h[pp', qfl + dq^X[pp', qq'] 


{dqh 

H” i^dqhpfq 


Oq' hpq^ hpfq’^ 


(^Oq’’’’ hpq dqiLpq- 


i^Oq' hp/q dqhpfq/ 

hpf q‘ 

hpq"^ hp/qf -j- i^Sq'hp'q’’’’ 


) 


dq’’ hpf q^ hpq- 


dq' hp> q^'> ) hpq 


dq" hpq! ) hp'q. 


Then, the wave cone associated with these differential operators is thus given by: 





Tq 

\q 

\'q 


A = 

AeR^"- 1 3^ ^ 0(„_i)xi,V(p,p',g,(7',(7”) € {0,.. 

.,n- 1}, 

Tq' 

Apq' 

Xpiq' 

= 0 


1 


Mg” 

\q" 

Xp' q” 

J 


29 





















As in Remark |4. 201 one can check that the wave cone is given by all (n — l)^-matrices for which 
any minor of order three are zero in the sense of Definition 14.221 Finally, combining (|37|l and 
Proposition 14.191 we get that functionals linear in H(3) are continuous. This procedure can be 
done recursively similarly to for any I ^ 3 so Theorem 14.51 holds. □ 


4.5 Existence of a minimizer for various geometric functionals 

We are now in position to establish general existence results in the class Oe{B). More precisely, 
we can minimize any functional (and constraints) constructed from those given before in Section |4l 
Indeed, considering a minimizing sequence in Oe{B), there exists a converging subsequence in the 
sense of Proposition 13.II (i)-(vi). Then, applying the appropriate continuity results, we can pass to 
the limit in the functional and the constraints to get the existence of a minimizer. 


In this section, we first give a proof of Theorem 11.21 and state/prove its generalization to K". 
Then, we establish the existence for a very general model of vesicles. In particular, we prove that 
hold Theorems [LSlfTTl and [m We refer to Sections oo and fOl of the introduction for a 
detailed exposition on these three models. Finally, we present two more applications that show 
how to use other continuity results to get the existence of a minimizer in the class Oe{B). 

Proof of Theorem I j. 21 Consider a minimizing sequence (Di)igp} C Oe{B). From Proposition 
o up to a subsequence, it is converging to an open set f2 £ Oe{B). Since Assumption 14.11 holds. 
we can combine Propositions 14.7114.121 and 14.211 to let i —>■ +oo in the equalities of the form: 


f go [x, n (x)] dA (x) + / H (x) gi [x, n (x)] dA (x) + / K (x) 52 [x, n (x)] dA (x) = C. 
Jao.i Jao.i Jafii 

Then, apply Proposition 14.71 Corollary 14.131 and Remark 14.181 on Proposition 14.211 to obtain the 
lower semi-continuity of the functional and that inequality contraints remain true as i —> + 00 . 
Therefore, D is a minimizer of the functional satisfying the constraints in the class Oe{B). □ 


Theorem 4.28. Let e > 0 and B C K” be a hounded open set containing a ball of radius 3e such 
that dB has zero n-dimensional Lebesgue measure. Consider (C, C) £ KxR, some continuous maps 
Jo, /o, <?0j : R” X ^ K, and some maps ji, fi : K” x x K —>■ R which are continuous and 

convex in their last variable for any I £ {1,... ,n — 1}. Then, the following problem has at least 
one solution (for the notation, we refer to Section EZP-- 


n—1 


inf 


Jo [X 


Ian 


, n (x)] dA (x) -f 


Ji 


1^1 


'dn 


,n(x),ij(') (x)j dA (x). 


where the infimum is taken among any D £ Oe{B) satisfying a finite number of constraints of the 
following form: 


n—1 


/ /o [x, n (x)] dA (x) + V / fi X, n (x), (x) dA (x) < C 

« n—1 « 

/ 90 [x, n (x)] dA (x) + V / (x) gi [x, n (x)] dA (x) = C. 

Jan , , Jan 


1=1 


Proof. Consider a minimizing sequence C Og{B). From Proposition 13.11 up to a subse¬ 

quence, it is converging to an open set D £ Oe{B). Since Assumption 14.11 holds, we can apply 
Theorem 14. 5l to let i -a- -foo in the following equality: 



n—1 

go [x, n (x)] dA (x) + Y 

Z=1 


(x) gi [x, n (x)] dA (x) = C. 


Then, we can use again Theorem 14.51 for any Iq £ {l,...,n — 1} by setting jig = gig and ji = 0 
for any I Iq to obtain the continuity of any J H^''°\.)gig[.,n{.)] and Remark 14.181 gives the 
lower semi-continuity of any J //„[., n(.), (.)] and f [., n(.), Hence, the functional 

is lower-semi-continuous and the inequality constraint remains true as i —>■ -foo. Therefore, H is a 
minimizer of the functional satisfying the constraints. □ 
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Proposition 4.29. Let Hq, Mq, ko, km € R and e, kb, Ao,Vo > 0 such that > ‘A&ttVq . Then, 
the following problem modelling the equilibrium shapes of vesicles ]36\ Section 2.5] has at least one 
solution (see Notation 


inf ^ / (H — Ho)^dA + kc f KdA + km ( f HdA — Mq 
nGOe(R") 2 JgQ Jqq \Jdn 

A{dn)=Ao 
v{n)=Vo 



Proof. Let us consider a minimizing sequence C Oe(R"') of the functional satisfying the 

area and volume constraints. First, we need to find an open ball B such that (ni)igN C Oe{B). 
This can be done if we can bound the diameter thanks to the functional and the area constraint. 
The first step is to control the Willmore energy ([3]). Denoting by J the functional, we have: 


kb 


kb 


/ B^^dA = 4 
Ian 


f {H-Ho + Ho)^dA < ^ / iH-HofdA + 

Jan ^ Jaa 




A{dn) 


^ J(3D) + 


kbHl 


Aidfl) + \kG\ 


KdA 


IdQ 


\kj, 


HdA - Mo 


'an 


^ j(^dn)+'^A{dn) + \kG\ [ \K\dA + 2\km\( [ HdA) +2\km\Ml 

2 Jan \Jan / 

The second step is to use Point (iii) in Theorem 12.61 and Remark 12.81 Considering a point x G dLl 
in which the Gauss map n is differentiable, and a unit eigenvector e/ associated with the eigenvalue 
Ki of the Weingarten map DxU, we have: 

|k;(x)| = ||«:;(x)ei|| = ||Dxn(e;)|| ^ ||i:»xn||£(T,,an)l|ei|| ^ (38) 

from which we deduce that maxi,g;^„_i ||Ki||L=o(an) ^ p Hence, we obtain: 

^ / H^dA ^ j{dn) + ’^^A{dn) + + ^^a [dnf + 2\km\Ml 

4 Jan 2 

The final step is to apply |391 Lemma 1.1] to get four positive constants Co, Ci, ( 72 , C 3 such that: 
diam(D) ^ CoJ{dn)A{dil) + CiA{dn) + C 2 A{dilf + CoA{dnf. 


Hence, we can bound uniformly the diameter of the Lli and there exists a ball B C M" sufficiently 
large such that (Hi)igN C Oe{B). From Proposition 13.11 up to a subsequence, it is converging to 
an H G Oe{B). Then, we can apply: 

• Corollarv id. 131 with i(x. y, z) = ^{z — Hq)'^ to get the lower semi-continuity of / {H—Hq)^; 

• Proposition 14.211 with ji = 1 to obtain the continuity of kg J K; 

• Proposition l4.12l with j = 1 to have the continuity of f HdA thus the one of km{J HdA—Mo)^. 

The functional is lower semi-continuous and from Proposition 14.71 with j = 1 and j{x,y) = {x \y), 
the area and volume constraints are also continuous so let i -A -foo and H is a minimizer. □ 

Proof of Theorem I j. 51 It is the particular case = 0 in Proposition 14.291 This can be also 
deduced from Theorem 11.21 it suffices to follow the method described in the next proof. □ 

Proof of Theorem I J. 71 First, as in the proof of Proposition l4.29l . one can show that minimizing 
in (7e(R") or in Oe{B) is equivalent here. Then, apply Theorem 11.21 bv setting jo = j 2 = 0 and 
ji{x, y, z) = (z — Hq)^ which is continuous and convex in 2 . The area and volume constraints can 
be expressed as in Proposition l4.7l bv setting gi = g 2 = 0 and successively go = 1, go{x, y) = {x \ y). 
Using the Gauss-Bonnet Theorem, the genus constraint is included in / KdA = 47 r(l — g) := Ko. 
Hence, Theorem 11.21 gives the existence of a minimizer satisfying the three constraints. Finally, we 
can apply |22l Proposition 2.2.17] to ensure that the compact minimizer is connected since it is the 
case for any minimizing sequence of compact sets. Hence, using again the Gauss-Bonnet Theorem, 
the minimizer has the right genus so Theorem 11.71 holds. □ 
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Proof of Theorem \1.S\. The proof is identical to the previous one. We just need to set Hq = 0 
and add a fourth equality constraint of the form 50 = 52 = 0, = 1. □ 

Proposition 4.30. Let e > 0 and B C be a bounded open set containing a ball of radius He, 
and such that dB has zero A-dimensional Lebesgue measure. We consider two bounded continuous 
vector fields of denoted by V, W : —>■ and a continuous map j x x R, which is 

convex in its last variable. Then, the following problem has at least one solution (for the notation 
we refer to Section \4.1\ and Proposition ^. 2'1\ above): 

inf [ j [x, n (x), i?zcx (V (x) A n (x), W (x) - (W (x) | n (x)) n (x))] dA (x), 

Jdn 

where the infimum is taken among all LI G Oe{B) satisfying the following constraint: 



(x) (V (x) I n (x)) dA (x) 



(x) (W (x) I n (x)) dA (x). 


Proof. Consider a minimizing sequence C Oe{B) of the functional satisfying the constraint. 

From Proposition EH up to a subsequence, it is converging to a set LI G Oe{B). We define 
fy := V A n^n- and Wi := W — (W | 090 ^) 1130 ^ which are two continuous vector fields on dLli, 
uniformly bounded since V and W are. We now check the diagonal convergence. Choose any 
sequence of points x^ G dLli converging to x G dLl. Using the partition of unity introduced in 
Proposition 14.71 we get that x G dLl D for some k G {!,... JsT}. Hence, there exists 

x' G Df{xk) such that x = (x', ip^{x.')). Since is converging to x, for i sufficiently large, we 

can write x^ = (x',(/jf(xQ) with x' G Df{xk). Hence, x' —>■ x' and Lpi(x.'i) —>■ but we also 

have from the triangle inequality: 


||V:^,^(x') - V:^^x')|| ^ + ||V:^'=(x') - V:^'=(x')||. 


From ([9|) and the continuity , we can let i —>■ +00 and the diagonal convergence of (V(/5^)igN 

to holds. Then, using (1^ . ngn- is also diagonally converging to ngn, and so does Vj and 
Wi. If j is linear in its last variable, we can apply Proposition 14. 271 to obtain the continuity of the 
functional, otherwise we can use Remark l4.18l on the previous case to get the lower semi-continuity 
of the functional. Finally, apply Theorem 14.51 with fl = 0 if Z 2 and jf = (V | n) to have 
the continuity of the left member of the constraint. The continuity of the right one comes from 
Proposition 14. 271 on j” with = (W | n). Hence, we can let i -l-oo in the constraint.. □ 

Proposition 4.31. Let e, Aq, Vq > 0 6e such that Aq > SGttUq^, and let B CM.^ be a ball of radius 
at least 3e. We consider a bounded vector field in R^ denoted by 'V : R^ —^ R^ and a continuous 
map J : R^ X R^ X R —^ R which is convex in its last variable. Then, the following problem has at 
least one solution: 

o n (x), Kv (x)] dH (x), 

S2GOe(B) Jqq 
A{dn)=Ao 

V{Q)=Vo 

where Kv is the normal curvature at x i.e. the curvature at x of the curve formed by the intersection 
of the surface dLl with the plane spanned by n(x) and the vectore v := V(x) — (V(x) | n(x))n(x). 

Proof. First, Proposition 3.26, Remark 3.27] gives Kv = «^iKv|ei)p -|- K 2 |(v|e 2 )P = II(v,v). 
Then, as in the previous proof, we can show that is diagonally converging to vgQ. Finally, if 
j is linear in its last variable, we can apply Proposition 14.171 to get the continuity, otherwise use 
Remark l4.18l to get its lower semi-continuity. The area and volume constraints are continuous from 
Proposition [121 Hence, from Proposition 13. 11 a minimizing sequence has a converging subsequence 
to an Ll and from the foregoing we can let i —>■ -l-oo in the functional and constraints so H is a 
minimizer. □ 
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